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We examine synchronization between identical chaotic systems. A rigorous criteria is presented
which, if satisfied, guarantees that the coupling produces linearly stable synchronous motion. The
criteria can also be used to design couplings that lead to stable synchronous motion. Analytical results
from a dynamical system are presented. [S0031-9007(97)03236-5]

PACS numbers: 05.45.+b

Synchronization between chaotic systems has been the Drive response synchronization between identical sys-
subject of many theoretical papers over the last few yearsems is modeled by

It has also been experimentally observed in many systems ax _ F(x:1) (1)
[L-9]. Despite this large amount of effort many key issues J dt T

_remai_n open. The_ central qqestion add_ressed in this Letter a@v _ F(y;:1) + E(x — y), 2)
is: Given two arbitrary identical dynamical systems, how dt

can onedesigna physically available coupling scheme yvherex is driving dynamicsy is the response dynam-

that is guaranteed to produce stable synchronous chaotft> ahndE is a vector functﬂi&n regreseniing the corl:pling.
motion? There are few rigorous results that address this?" these equations, y € R andE(0) = 0. Synchro-

question. In most cases rigorous results are obtained usi

@zation occurs on an invariant manifold given »y= y.
Lyapunov functions [10—13]. Unfortunately, this method bviously, if the coupling strength is below some critical
is not regular since, in practice, it can be applied only to

threshold, then stable synchronous motion will not occur.
particular examples. Another rigorous approach is that o' S0me(F, E) pairs stable synchronous motion occurs
of Ashwin et al. [14]. To apply this approach one must only within a flnlfce range of coupling strengths, while for
show that all normal Lyapunov exponents are negativé)thfrs sydncfhroméatlpn_ls nefver stabIeH o
for all measures of the dynamics. For typical dynamical It one defines deviations from sync ronlzatlonfbyz'
systems this leads to an intensive numerical analysis. A ~— X then Egs. (1) and (2) lead to the following lin-

third rigorous approach, by Walker and Mees, uses thgarized equation for motion transverse to the synchroniza-

method of Lyapunov [15]. tion manifOldidW

Also, there are a few special types of coupling between — = [DF(x) — DE(0)]w. 3)
nonlinear systems where rigorous analysis of the stabilit){ i dt . .
of synchronization is straightforward. One type is when!" this equationDF(x) is the Jacobian of evaluated

the coupling transforms the response system into a stabf! the driving trajectoryx, and DE(0) is the Jacobian
homogeneous linear system with time dependent driving?f £ evaluated at0. The synchronization manifold
A second is when the coupling is diagonal between all ofS linearly stable if lim_.. [w(z)|l = 0 for all possible
the variables [1]. In many practical cases these types cgr!v!ng trajectoriexx(r) within the chaotic attractor of the
coupling can't be achieved. driving system. : o
The approach we present in this Letter examines To determine _the behawor of(¢) in this limit, divide
synchronization between identical systems with drive?F(X) — DE(0) into a time independent pas and an
response coupling and differs from all of those discusse§*Plicitly time dependent pa#,
above. The major result is a rigorous criteria which, if DF(x) — DE(0) = A + B(x).

satisfied, guarantees linearly stable synchronous motioThe nonuniqueness of this decomposition will be re-
More importantly, the criteria can be used #®sign solved later.) Assumé can be diagonalized, transform
couplings that produce stable synchronized behavior. Thg the coordinate system defined by the eigenvectoss, of

criteria uses only knowledge of the uncoupled dynamicsand rewrite the linearized equations of motion as the fol-
and many of the important calculations can be performegbwing integral equation [16]

analytically. Furthermore, the linearized stability equa- '

tions we examine arise in many other problems that have z(t) = U(t,10)z(to) + f U(t, s)

recently appeared in the literature. A discussion of this f0

last issue is in our longer manuscript [16]. X [P™'B[x(s)]P]z(s) ds . (€]
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In this equatiorz = P~ 'w whereP = [¢, ¢, ---é,] and  system will be the first measures on the synchronization
é,, &,,...,¢&, are the eigenvectors &. The ordering of manifold to go linearly unstable as the coupling strength
the eigenvectors is given by the corresponding eigenvais changed. Thus, these trajectories should be the first
uesH[A(] = R[A] = --- = N[A,], whereX[A] isthe  measure to check for linear instability. This conjecture is
real part ofA. Also, U(z, 1p) = exdD(¢r — )] isatime examined in our longer paper and is found to be true for
evolution operator, wherd® = P 'AP is diagonal by the examples studied [16].
assumption. Equation (7) has a geometrical interpretation which can
Linear stability of the synchronization manifold is be used talesigncouplings that yield stable synchronous
determined byl|z(z)|| in the t — o limit. If one uses motion. The elements ofDE(0) define a parame-
norms to convert Eq. (4) into an inequality, and applieser space and each side of Eq. (7) defines a function in
Gronwall’'s theorem, then one can define the followingthis parameter space. ThuE; and X,, respectively,

decomposition [16] defined by ([P '[DF(x) — (DF)]P||) = const = Cg
_ _ and —NM[A1] = const = C,, are families of surfaces in
A = (DF) — DE(0), ©) this parameter space. The boundary of the portion of
B = DF — (DF), (6) the parameter space that yields linearly stable synchro-

nization is the intersection of these families of surfaces.

By choosing the elements dE(0) on portions of3

that are “above™y one insures that the poles 8f are

sufficiently far into the left half plane to insure stability.
—N[A] > (IIPT'[DF(x) — (DF)]P|]). (7)  Thus, designing a coupling is similar to pole placement in

Equations (5)—(7) are our major results. They repre<ontrol theory (see also Ref. [16]) [21].

sent definitions and conditions that indicate when syn- As an example, we present an analysis of the following

chronous motion along a particular driving trajectory isdynamical system studied by Ott and Sommerer [19]

guaranteedto be stable to small perturbations in direc- dx

tions transverse to the synchronization manifold [17]. The PTERRCE

criterion is rigorous and sufficient. However, because it

where (o) denotes a time average along the driving
trajectory. In terms of this decomposition the criteria for
linear stability of synchronous motion is [16]

is based on norms, it is not necessary. Indeed, numerical dv = —pv, + 4x(1 — x?) + y2 + fosin(wt),

experiments indicate that it tends to overestimate the nec- ‘Z

essary coupling strengths [16]. Also, since the integral in @ _ 2uy, (8)

Eq. (7) is positive semidefinite the inequality can’t be sat- dt

isfied unlessi[A] < 0. This condition is reminiscent of dvy — —vu, — 29(x — p) — 4k

the discussion of conditional Lyapunov exponents found  dt ’ |

in previous references. where v = 0.05, fo = 2.3, o = 3.5, k = 0.0075, and
The decomposition in Egs. (5) and (6) is optimal inp = —1.5. Originally, Ott and Sommerer examined the

the sense that it minimizes the right hand side of Eqg. (7)stability of the invariant manifold defined by= v, = 0.

We speculate that minimizing this integral gives one theTheir results indicate that for these parameter values

best chance at satisfying the inequality. Furthermore, bynotion on this manifold is chaotic, the manifold itself is

inserting Eq. (6) into a Volterra expansion of Eq. (4) oneunstable, and only one stable attracting set exisi&*in

can show that, to second order, the criteria for linear As before,x denotes the driving system ayddenotes

stability is)[A;] < 0[16]. For any other decomposition the response system. In principle the driving trajectory

this approximate stability criteria will be correct to only x = [x, v,,y,v,] € R*. However, for this example we

first order. Finally, for this decomposition Eq. (7) reducesconsider a driving trajectory restricted to the manifold

to N[A] < 0 for fixed points, a result that will not hold examined by Ott and Sommerer. For this type of driving

for other decompositions. DF(x) assumes a block diagonal form. If we use block
Equations (5)—(7) depend explicitly on the measure ofdiagonal coupling, then Eq. (3) decomposes into motion

the driving trajectory. Gupte and Amritkar examined parallel to, and perpendicular to, the manifold examined

synchronization using unstable periodic orbits as drivingoy Ott and Sommerer.

trajectories [18]. This and later papers show that, for For perpendicular motion

fixed coupling strength, different driving trajectories have

)

different stabilities [14,16,19]. Recently, Hunt and Ott TR [DF(x) — DE®(0)w, 9)
[20] numerically examined time averages on different
measures of a chaotic dynamical system and found thd{"'€"€
they tend to assume their largest values on unstable (Dfer _ 0 1
periodic orbits with the shortest periods. This behavior DF(x) = [g(i)(x) —v }
is also discussed in Ref. [14]. W W

Given these observations we conjecture that, in many DE(0) = [61 €4 }
practical cases, the unstable fixed points of the driving Eg” E;H |
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and gV(x) = —2(x — p). [Equation (9) is the same 4.0
linear stability equation studied by Ott and Sommerer,
Egs. (7) and (8) in Ref. [19]]. An equation similar to LTI T T
Eq. (9) involvingw, DF), DEW  andgW(x) = 4(1 — / \
3x?) exists for motion parallel to the manifold. (For the 20 7/ \
remainder of this Letter we drop the and|| superscripts ! \
and trust the reader to perform calculationsbioth the N \
perpendicular and parallel subspaces.) A
It is easy to show that the eigenvaluesfotire Ve ool i
|
i

v+ e + &) 1 2 ; i
= > * 3 [(V + e — €) \ SN !:'

+ 401 - e)g) — )]V (10) N /

If A+ are complex, ther-N[A;] can be made arbitrarily T Period 1 R
large by increasing,; and/or ;. The case for real + ~—— Period 2

is more complicated, however, numerical results indicate

that —N[A,] is maximized whenA - are complex [16]. -4.0 ' s
Becaus€||P~(DF(x) — (DF)P||) diverges as\- tran- -20 -1.0 0)'(0 1.0 20

sitions from real to complex’s associated with this transi-

tion should be avoided. These observations suggest that fAG. 1. Period 1 and period 2 orbits of the Ott-Sommerer
order to satisfy the condition for linear stability of the syn- M°9%€

chronization manifold one should choosts so thatA +

are complex with imaginary parts that are not near zero. rigorous criteria for synchronization, Eq. (11), is

A

It is possible to show that iA - are complex, then the v -1 1/2
condition for linear stability of synchronous motion is € > 5 + 2<|Ag|>[vz+—4<g>} .
vie te>ac(agh, (11) Driving via position uses only the position variables
where andy. The simplest example is, = €3 = €4 = 0 and
—(1 — e)? 1/2 the parameter space is ag&in It is useful to define new
= [( e — ) + 4 — enlg) — )} parameters = €; + v andw = 1/C. Interms ofu and
yTea—éa €4)0N87 — €3 w, Egs. (11) and (12) are
| (12) ww > 4(|Agl).
and Ag(x) = g(x) — {g). Equations (10)-(12) and the
conjecture that the's should be chosen so that. are —Kg) = (u — 2v)* + w2

complex, areanalytic solutiongo the rigorous criteria for
synchronization. Equating to a real positive constant,
in effect, selects surfaces from the familiés, and

If (g) < 0 then these equations define a hyperbola and a
circle, respectively. It is straightforward to show that the
S .. Each driving traiectorx corresponds to a different circle does not intersect the hyperbola on the measures we
A gt X P have examined. Thus, for these driving trajectories the
surface. : " o >
igorous condition for synchronization cannot be satisfied.

Since Egs. (8) do not have fixed points We examiN€Griis does not mean that stable synchronizatiot not
the SBR measure and the measures associated with the

periodic orbits shown in Fig. 1 (the SBR measure iSresult from this type of driving. It means only that our
shown in Fig. 1 of Ref. [19]) '.I'able | shows numerically analysis cannogjuaranteethat stable synchronization will

result from this type of driving [16].)
calculated values fofg) and(|Ag|). ) Another example of this type of driving uses the po-
We now explicitly examine several types of driving.

The first is diagonal driving. It is the second of the sitions to drive both the positioand the velocity equa-

. : . tions. (This can sometimes synchronize systems when
special cases where rigorous results are straightforwar

. i simple driving via position does not produce synchro-
[1,5]. Diagonal driving uses all components »fand o ) - _
chooses; = e, = 0, e, = €, = € [1,5]. The parameter nization [22].) For this type of drivinge; = €4 = 0 and

space is the real lin®. For this type of drivingA+
are complex on each of our measures for all values
€. SinceC is independent ot its value is fixed,2x is  Measure type  (gV) g™y (JagW  (Jaghy
the entire parameter space, ang is a family of points in .
R. Thus, for a particular driving trajectory the boundary Period 1 ~1223  —6.307 0.4769 >.142
. . e . Period 2 -3 —7.767 1.678 10.30
for Ilnea_r stability Qf the §yn9hronlzat|0n.m§1n|fold (the gpR _3 _7038 1.714 7.856
intersection of}_, with X) is given by a pointirR. The

0IABLE I. Numerically calculated values fdg) and{|Ag|).
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the parameter space ®. Also, A. are complex for all seek out an attracting state away from the synchronization

C > 0, while Egs. (11) and (12) become manifold. Also, nonlinear effects could cause an unstable
orbit to approachx.. for somee far from e.. If this oc-
€ > —v + 4C(|Agl), curs, then small noise levels can also result in a loss of

synchronization.
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