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We examine synchronization of identical chaotic systems coupled in a drive/response manner. A
rigorous criterion is presented which, if satisfied, guarantees that synchronization to the driving

trajectory is linearly stable to perturbations. An easy to use approximate criterion for estimating

linear stability is also presented. One major advantage of these criteria is that, for simple systems,
many of the calculations needed to implement them can be performed analytically. Geometrical
interpretations of the criterion are discussed, as well as how they may be used to investigate
synchronization between mutual coupled systems and the stability of invariant manifolds within a

dynamical system. Finally, the relationship between our criterion and results from control theory are

discussed. Analytical and numerical results from tests of these criteria on four different dynamical

systems are presented. 97 American Institute of Physids$$1054-15017)00303-7

If several identical dynamical systems travel the same
phase space trajectory at the same time, then they are
said to be synchronized. Examples of this type of behav-
ior go back at least as far as Huygens. Surprisingly, this

type of behavior has also been observed for chaotic sys-
tems. If the systems are chaotic, then they must be
coupled together in some fashion. A typical procedure for

sign a physically available coupling scheme that is guaran-
teed to produce stable synchronized motion?” Despite the
large amount of effort devoted to this issue there are rela-
tively few rigorous results. In most cases rigorous results are
obtained using Lyapunov function$:*® Unfortunately, this

method is not regular since, in practice, it can only be ap-
plied to particular examples; i.e., given an arbitrary dynami-

determining a type of coupling that produces synchro-
nous motion is to try different couplings until one of them
works. This paper presents a rigorous criterion and ap-
proximate version that, if satisfied, guarantees linearly
stable synchronous motion for the systems. To use the
criterion one only needs the equations of motion and the
trajectory one wants the systems to follow. The paper
also presents a step by step procedure that will allow one
to design couplings that satisfy these criteria. Since the
procedure does not use trial and error, and(for simple
systemg many of the steps can be performed analytically,
it is an improvement over current practice.

I. INTRODUCTION

cal system it is not clear how one can derive a coupling
scheme and/or a Lyapunov function which guarantees stable
synchronous motion.

Another rigorous approach is that of Ashvéhal*In a
series of papers they presented results that are related to the
central question. In their work the measueguivalently, the
trajectory used to describe the dynamics of the system is of
central importance. To apply the approach one must show
that all normal Lyapunov exponents are negative for all mea-
sures of the dynamics. Unfortunately, it is well known that
Lyapunov exponents can be difficult to calculate. Non-
rigorous results that employ Lyapunov exponents to deter-
mine the stability of measures to perturbations have also ap-
peared in the literature®15-17
A third rigorous approach by Walker and Mees has re-

Since Fujisaka and Yamada’'s 1983 paper on synchrocently appearedf They used the method of Lyapunov to
nized motion in Coup|ed chaotic Systems many researche@Velop a SUffICIent Condltlon fOI’ Stable SynChr0n|Zat|On.

have discussed the stability of this type of motfoRather

Their condition relates eigenvalues of the linear part of the

than attempt to reference a Comp|ete list of papers on thigector field to the Jacobian of the nonlinear part. The analy—

topic we refer the interested reader to Refs. 2¢Fhese

sis in this paper also differs from that in other papers because

papers have extensive bibliographies and represent a reasdhey interpret synchronization as an observer problem.

able introduction to the literatuneThe discussion in this

Finally, there are a few special cases where, due to the

paper will center around the type of synchronization dis-coupling between the nonlinear systems, rigorous analysis of

cussed by most of these authors. Namely, two or nioea-

the stability of synchronization is straightforward. One case

tical chaotic systems, coupled in a drive/response mannei$ when the coupling transforms the driven system into a

which exhibit motion that is chaotic andentical in time.

stable homogeneous linear system with time dependent ex-

(Although the dynamical systems we examine are chaotiternal forcing(see Ref. 18 A second is when the coupling
our results are applicable to nonlinear systems that exhibitetween all of the variables is diagortdlin many practical

other types of motion.

The central question addressed in this paper is: “Given

two arbitrary identical dynamical systems how can alee
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cases these types of coupling can't be achieved.
The approach advocated in this paper is like that of Ash-
win et al. in that it emphasizes the role of individual trajec-

© 1997 American Institute of Physics 395



396 R. Brown and N. F. Rulkov: Synchronization of chaotic systems

tories within the dynamics of the system. However, we dowith synchronous motion(Here, and for the remainder of
not explicitly use Lyapunov exponents or Lyapunov func-this paper, when we say synchronization to a trajectory is
tions to examine the linear stability of synchronous motionlinearly stable we mean it is linearly stable with respect to
It is also like the paper by Walker and Mees in that theirperturbations that are transverse to the part of the synchroni-
stability condition and design concepts are similar to the oneation manifold defined by the driving trajectory.

we develop below. The issue of design has also been ad- We will explicitly examine one type of drive/response
dressed by Penet al’ coupling for identical systems that have chaotic uncoupled

We have two major results. The first is a rigorously de-dynamics?>~2°Assume the dynamics of the driving system is
rived criterion which, if satisfiedguaranteesthat the cou- given by
pling scheme will yield linearly stable synchronous motion
on the driving trajectory. The second result is a simple,  dX
“quick and dirty” criterion that can be used to estimate the dt
coupling needed for linear stability. This second criterion is
easy to implement and can be used to quickly examine wherexe R%. In the presence of coupling the dynamics of
large range of coupling schemes and strengths. For botthe response system becomes
cases, linear stability is with respect to perturbations that are
transverse to the synchronization manifol®f course, be-
cause our results are obtained from a linearization they can
not fully address the complications that arise when nonlinear
effects are incorporated. Some of these difficulties are diswhereE is a vector function of its argument and represents
cussed in Section V. coupling between the systems. We assuf(8) =0, hence

References 8, 14, and 20—22, and the results present&inchronization occurs on the invariant manifold given by
below, indicate that the stability of the synchronization mani-x=Y. Obviously, if the coupling strength is below some criti-
fold depends on the measure used to describe the dynamigg! threshold, then synchronization will not occur. In addi-
on the manifold. If the synchronization manifold contains ation, for someF’s and choices off, synchronous motion
set of chaotic trajectories, then there are an infinite numbe®nly occurs within a finite range of coupling strengths. For
of possible measures for the dynamics on the manifold. Unthese situations, if the coupling strength is too snealtoo
der these circumstances a practical answer to the question &fge, then synchronization will not occur. Finally, for some
the stability of the synchronization manifold can be quiteF’'s and choices oE synchronization will never occur.
complicated. For example, the manifold may be linearly un-  Since we are interested in deviationsydrom x we use
stable when using a measure confined to one periodic orbigs. (1) and(2) to obtain the following linearized equation
on the manifold(a Dirac measuré) and linearly stable on a of motion forw=y—x (motion transverse to the synchroni-
measure confined to a different periodic orbit. At the end ofzation manifold:
the next section we discuss relevant results that may allow
one to overcome this difficulty.

We close this section with an outline of the remainder of
this paper. In Sections Il and Il we derive criteria that indi-
cate when synchronization between drive and response sy this equatiorDF(x;t) is the Jacobian of evaluated ak
tems will occur. The results in Section Il are rigorous while at timet, andDE(0) is the Jacobian of evaluated atv=0.
those in Section Il are approximations. Section IV presents he synchronization manifold is linearly stable if
results from analytic examinations and numerical experi- . )
ments we have conducted on the Rossler, Lorenz, and Ott— IM[w(b][= lim{ly(t)=x(t)[|=0
Sommerer systems. In Section V we summarize our results i

and discuss how nonlinear effects impact our results. In Aps,, 4 possible driving trajectoriex(t). [Notice that a sta-

pendix A we discuss how our results apply to other systemgjjiry analysis of synchronized chaos needs to consider only
(in this appendix we examine a system of equations thafhe ‘trajectoriesx(t), that belong to the chaotic attractor of
come about when considering chaotic masking for privatgy,, driving systen].We begin determining the behavior of
communications In Appendix B we present geometric in- w(t) in this limit by dividing DF(x;t)— DE(0) into a time
terpretations of the manifolds that arise in our discussionmdependem partA, and an explicitly time dependent part,
while in Appendix C we discuss a geometrical interpretationB(X;t)'

of the theoretical results. In Appendix D we discuss the re-

=F(x;1), 1

dy_ _
a—F(y,tHE(x—y), (2

dw
az[DF(x;t)—DE(O)]W. 3

lationship between our results and control theory, while Ap-  pr(x:t)— DE(0)=A+ B(x;t). (4
pendix E is devoted to an alternative analysis of our criterion
and an additional examination of the Lorenz system. This decomposition is not unique since we are free to

add constant terms t& provided we are willing to subtract

Il. THEORY PART I: RIGOROUS RESULTS the same term fronB. This freedom will be resolved later
This section presents rigorous results regarding lineawhen an explicit decomposition is determined. For now the

stability of trajectories on the invariant manifold associatedreader is asked to accept E¢) as a formal decomposition.
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Denote, and order, the eigenvalues oA by Inserting these results into E() indicates that the suf-
RIA]=R[AL]=-- - =R[Ay4], whereSR[ A] is the real part  ficient condition for linear stability of synchronization along
of the eigenvalueA. Associated with the eigenvalues are the driving trajectoryx(t) is

eigenvectors denoted kB ,e,, - -,&4. Next, assumé\ can -

be diagonalized bP=[e,e, - -e4]. Thus,D=P AP is a —R[A,]>lim —f K[ x(s);s]|ds. 7)
diagonal matrix. Rewriting Eq4) in terms of the coordinate e £ ot

tem defined by the ei torsfofyield
system defined by the eigenvectorsfolields The fact that the right hand side of E{) is positive semi-

z definite implies thafR[ A ;] must be negative for there to be
a:[DJF K(x:t)]z, any chance of satisfying the rigorous condition.

Since the decomposition given by Ed) is not unique
wherez=P~'w andK =P~ 'BP. Next, define the time evo- an examination oK in Eq. (7) is required. Notice thaK||
lution operatorU(t,to) =exgD(t—to) | and use the method — |BF— G| whereDF=P DFP andQ=P 1[A+DE(0)]P.
of variation of constants to rewrite the linearized equation ofrpys, the right hand side of EG7) can be rewritten as
motion as the following integral equatidh:

1
t I= lim ——
z(t)=U(t,t0)z(to)+J U(t,9)K(s)z(s)ds, 5 i
t
O o d 1/2
whereK (s)=K[x(s);s] denoteX evaluated along the driv- xf S (BE. [x(s):s]-8.,)2| ds
ing trajectory. to af1 ap ' apB g

The linear stability of synchronization to the driving tra- o L ]
jectory, x(t), is determined by the behavior p&(t)|| in the where :cPe ambiguity of the decomposition is confined to the
t—oo limit. To determine this behavior the remainder of the matrix Q. The role ofl in Eq. (7) leads us to conjecture that
calculations in this section closely follow those of Chapter 6minimizing | produces the best chance for synchronization.
in Ref. 26. Begin by using norms to obtain the following We make this conjecture despite the fact tERftA;] de-

inequality?’ pends on this decomposition. Hence, we define the optimal
value of Q=A+ DE(0) as the one which minimizes
t . . . ~
ol<lutollzcol+ [ Tueslikllzslds it s straighforward, by setingl/9Q=0, to show that
to the optimal value foQ is given by
It is known that if PR[A;]<0, then [U(t,to)] 1t
<Cexq — u(t—ty)] for appropriate choices o and u. In- Q= Ilmﬁft DF[x(s);s]ds=(DF),
serting this into the inequality and applying Gronwall's toet 700
Theorens® yields

where(@®) denotes a time average on the invariant measure

¢ X(s). This result implies that the optimal decomposition in
jzvl=Clattolexq [ (cl(sl-uas) a4 i
0
Hence, a sufficient condition for linearly stable synchroniza- A=(DF)~DE(0), ®)
tion is B(X;t)=DF(x;t)—(DF), 9)
w>lim C ftHK(S)HdS, (6)  and the condition for linear stability of the invariant trajec-
et —loJtg tory in the synchronization manifold is
which depends o, u, |K|, and the measure of the driving —R[A]>(|[P"YB(x;t)IP). (10
signal,x(t). ] . ) )
The constant€ and u depend explicitly on the choice Equations(8)—(10) are the major results of this section.

of matrix norm. A common choice is the Frobenius ngtm Together they represent definitions and a criterion which in-
dicate when synchronous motion along a particular driving

trajectory is guaranteed to be stable to small perturbations in
' directions transverse to the synchronization manifold. As in-

dicated by our examples and Appendix C this criterion can
where the T denotes Hermitian conjugate and Greek sulide used to design couplings that are guaranteed to result in
scripts denote elements of matricé8 (; is thea 8 element  stable synchronization. Unfortunately, the criterion is only
of the matrixM). Applying this norm toU(t,ty) and using sufficient, not necessagndsufficient. Thus, one can expect,
the rank ordering of the’s implies that, in the largé limit, and our numerical experiments show, that it is possible for a
[U(t,to)||=exdR[A,](t—1t)], an approximation that be- coupling scheme to fail this criterion and still produce stable
comes exact in the—co limit. Therefore, in this limit,C=1 synchronization. This is due, in part, to the fact that the deri-
andu=—R[A{]. vation of Eq.(10) involved inequalities of norms which will

d

2 |Ma,8|2

a,f=1

12
IMII=[ Tr(MTm)]¥2=
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398 R. Brown and N. F. Rulkov: Synchronization of chaotic systems

tend to overestimate the necessary coupling strengths. These as an explicit test to determine whether a given coupling

relationship between these results and control theory are discheme will produce synchronizatiofespite this they are

cussed below in Appendix D. still far more efficient than the Lyapunov exponent approxi-
As defined above, the decomposition in E@.and(9)  mations found in most other papgrélowever, for simple

is optimal in the sense that it minimizes the right hand sidesystems, many of the important calculations can be per-

of Eq. (10). We have conjectured that this gives one the bestormed analyticallysee Section IV Appendix E, and Ref. 18

chance at satisfying the inequality. To support this conjecturéor examples Therefore, the criterion of Eq¥8)—(10),

we have the following circumstantial evidence. If we insertalong with the results of Ref. 28, may well allow one to

Eqg. (9) into a Volterra expansion of E@5), then, to second determine coupling schemes that insure linear stability of the

order, the criteria for linear stability i{ A,]<0 (see the entire synchronization manifold.

next section For any other decomposition this simple ap-

proximate stability criteria is only correct to first order. If the

driving trajectory is a fixed point, theB(x;t)=0 and Eq. ;| THEORY PART II: APPROXIMATE RESULTS

(10) reduces tdR[A1]<0. This result is what one would

expect from simple linear stability. However, it does not oc- Even with the rigorous results of the previous section

cur for other decompositions. To address the full optimalityone often desires a “quick and dirty” criterion to approxi-

issue one must compare the size/(? 'BP||) to the size of mate whether a particular coupling scheme and/or coupling

the first eigenvalue oA. We are unable to make this com- strength will produce linearly stable synchronous motion.

parison due to the complicated dependence of the eigenvafhe major result of this section is just such a criterion.

ues on the coupling strength®FE(0). (The idea of using a Begin by noting that an infinite series solution to E5).

time average to definA is also suggested in Ref. 17. can be obtained by inserting this equation into itself to form
Because the stability criterion depends explicitly on thea Volterra expansiofi

driving trajectory, the measure associated with the dynamics

is of crucial importance. An early paper by Gupte and 2(t)=

Amaritkar? used unstable periodic orbits as driving trajecto-

ries for synchronization. Theyand others found that, for

. . N where

fixed coupling strength, synchronization is stable for some

driving trajectories and unstable for other driving trajec- M [t S1

tories®? In order to determine a coupling strength that re-V (t.to) = todsl to dsp- -

sults in a stable synchronization manifdice., synchronous

motion is stable on all possible driving trajectojiesotice

that the right hand side of Eq10) is a time average.
Recently, Hunt and Off examined time averages of

functions for different measures of the dynamics of a chaotic XK(§)U(s;,to)-

system. They found that, for chaotic systems, time averages Truncating this solution gt=1 yields the following ap-

tend to take on their largest values for measures confined tgroximate solution to Eq(5):

the unstable periodic orbits with the shortest perigdis _ 1

effect was also observed in Ref. 1Zhey also found that if 2(1)=[U(t,to) + M (t,t0) ]2(to). (1)

an unstable periodic orbit with a somewhat higher period hasProvided the series is well behaved, it converges, etc., one

the largest time average, then this value is usually only @an obtain better solutions than the one discussed below by

small increase compared to orbits with lower periods. Thereretaining more terms in the serig3.o this approximation if

fore, if synchronization is stable for fixed points and periodicall elements ofu+M®) decay in time, then lim,|z(t)|

orbits (with short periods located in the chaotic attractor, =0, and synchronization is linearly stable.

one may consider this as an indication that synchronized It is useful to divide the discussion &) into an analy-

chaotic motion is also stablan assumption also proposed in sis of diagonal and off-diagonal elements.

Ref. 8. This assumption is supported by the Hunt and Ott 1. Diagonal elementd=or these elements

who claim that a nonperiodic orbit will yield the maximum

time average on a set of measure zero in the parameter space [M®]aa=exiAu(t—to)]

[

U(t,to)+21 M“)(t,to)}z(to),
P

X ft s Ut 5K (5 UGSy $pK (Sy) -

associated with the parameterskofFinally, this paper pre- d t

sents a crude formula for determining how high in period X E P;; (f DFW(S)ds>

one must look in order to insure that the largest time aver- por=1 to

ages have been foun(lhe issue of obtaining time averages

for dynamics on chaotic attractors by weighting time aver- —(DF ) (t—tg) [P,

ages on the unstable periodic orbits has been addressed by

Cvitanovic?®) were the optimal decomposition of Eg8) and (9) have

In general the stability condition given by ELO) re-  been used. For this decomposition the term in large square
quires that one integrate the norm of a matrix along the drivbrackets vanishes in the largdimit. For any other decom-
ing trajectory. As such these equations could be difficult toposition this term can be expected to grow at least linearly
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R. Brown and N. F. Rulkov: Synchronization of chaotic systems 399

with time. Depending on the strength of growth this termmerical and focus on the approximate condition. By the last
could offer significant competition to the anticipated expo-example almost all of the calculations are performed analyti-
nential decay from eXp (t—tg)]. cally and focus on both the rigorous and the approximate
2. Off-diagonal elements-or these elements condition (see Appendix A( f)or yet another exampl&Vhen
0y appropriate we will usee'® to denote critical coupling
[M™]ap=explAot=Agto) strengths where the driving trajectory on the synchronization
t manifold becomes linearly stable.
xjt exd (Ag—A,)s]K,4(s)ds.
0

. - .. A. Rossler example
For the dynamical systems we are examining the driving

signal, x, is bounded and the Jacobian is boundggically ‘The Rossler system is the following set of three coupled
x is confined to a compact attractoi herefore, ordinary differential equation€ODE’s)
K(n;aX) dx

[M(l)]aﬁg m[quAﬁt)—equat)], a: —y—z

whereK (") s the maximum value taken by, 4(s) on the dy
o haB B —=x+ay

driving trajectory and we have assumed the eigenvalués of dt ’
are distinct.

This analysis oM ®) indicates that ifR[A;]<0, then d—Z:b+z(x—c)
the off-diagonal elements of the mattix+ M) die off ex- dt '

ponentially fort>t,, while the diagonal elements die off ata |\ herea=0.2 b=0.2 andc=9. For these parameter settings

rate controlled by the convergence of the time ave@®).  he dynamics of this system has a chaotic attractor, and two
Therefore, to second order we have the following S'mpleunstable fixed points located at.=(—ay.,y.,—y.)

condition for linear stability(to transverse perturbationsf a

) e s where
trajectory on the synchronization manifold
M[A,]<0 (12 __° 1|1 4ab) ¥
[A1]<0. y==—57 1% v

Equation(12) is the major results of this section. It, and Eq.
(8), represent a “quick and dirty” criterion to determine
whether or not synchronization will occur for a particular
coupling scheme.

Equation(12) is completely consistent with the rigorous

Only the fixed point ak_ is near the attractor.

To simplify matters we use diagonal coupling,
E(x—y)=diag(e;,€,,€3) - (X—Y). For this type of coupling
it is easy to show that Ed8) leads to

results of the previous section. As expected the approximate - -1 -1

criterion given by Eqs(8) and(12) depends explicitly on the - 1 a-e 0

measure of the driving trajectory. An appealing aspect of Eq.

(12) is that the analytic and computational burden associated (2) 0  (X)—Cc-e

with computingA and its eigenvalues is relatively minor. Our numerical experiments examine four different mea-
Thus, one can quickly search over many types of couplingures of the driving dynamics. One is the natural or Sinai—
schemes. Bowen—Ruellg§SBR) measure on the chaotic attractor. This

Our numerical experiments show that E@2) is actu-  arises from following an arbitrary trajectory on the chaotic
ally a good approximation to therinimumcoupling needed  attractor. The others are Dirac measures associated with the
to achieve linearly stable synchronization. One possible exx_ fixed point, and unstable period 1 and period 2 orbits.
planation for the success of this approximation is a “folk The trajectories associated with the fixed point and the peri-
theorem” from control theory discussed by Brogar‘A odic orbits are shown in Fig. 1.
commonly used stability analysis technique is the so-called Because the characteristic equation Aois a cubic that
frozen coefficient method, in which all time-varying coeffi- can not be easily factored for arbitrary values of #is,
cients are frozen and then the system stability is analyzed afost of the results were obtained numericallfve have
if it were a constant coefficient systeni*Brogan goes onto  calculated these eigenvalues using a symbolic manipulator to

claim that “when used with caution, this approach wilu-  perform the necessary algebra. The expressions are not par-
ally give the correct result.” As a final comment we note thatticularly enlightening, and will not be presentgd.

Ref. 17 also examined to determine the linear stability of ) )
synchronization. 1. Fixed point measure
On this measur8(x;t) =0, so the rigorous and approxi-
mated criterion are bottR[ A,]<0 (a familiar result from
stability analysis of fixed points found in textbogk&igure
This section presents results from numerical experiment2 shows the real parts of the eigenvalued\ads functions of
we have performed to test the conditions derived in Sectiong= e, when the driving trajectory i and we only use the
[l and IIl. The results from the first example are mostly nu-first component ofx_ as the driving signal ,=€3=0).

IV. NUMERICAL EXPERIMENTS

Chaos, Vol. 7, No. 3, 1997
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FIG. 1. Fixed point, period 1 and period 2 orbits of the Rossler systems.FIG. 2. The real parts of the eigenvalues Afas functions ofe for
x-driving. A comes from the Rossler system and the driving trajectory is the
fixed pointx_ . The dashed line ak=0 is inserted as a visual aid.

This type of driving is typically callek-driving. (A dotted
line at A =0 is inserted as a visual ajdThe figure indicates stable(stablg synchronization to a stablenstablé synchro-
that, initially, A; and A, are complex conjugate pairs with nization appears to occur ate©=0.1979...
positive real parts. However, asincreases the real parts (4.995...).
become negative a®=0.197% . . .. Ase continues to in- The results of all of our numerical experiments on the
crease\; andA, become real a¢=1.8, with A ; increasing Rossler system appear in Table I. The table indicates that for
and A, decreasing.A; eventually becomes positive at both x- and y-driving synchronization tox_ begins at
€=4.995 . ... Thefigure also indicates that, and A;  €©=0.2. Forx-driving synchronization ends at®=4.9,
merge into complex conjugate pairs but soon split back intawhile for y-driving it persists for arbitrarily large values of
pure reals at=9. If the second component &f is used as e. Whenz-driving is usedA, andA, are complex conjugate
the driving signal y-driving), then a similar figure is pro- pairs with positive real parts throughout the entire range of
duced, howeven ; remains negative for large. €. Thus, the rigorous and approximate conditions predict that
The interesting feature of Fig. 2 is the prediction of syn-synchronization will not occur at_ for this type of driving.
chronous behavior fox-driving whene is in the range be- The numerical experiments appear to verify this regifite
tween about 0.2 and about 5. Although no numerical experiremark that the rigorous condition predicts, and we were able
ment can prove the correct values &f), our experiments to verify, a range of values foe which will result in syn-
indicates that whem-driving is used a bifurcation from un- chronization abouk, for z-driving.)

TABLE |. Results of numerical tests on the Rossler system. In this table F implies that this type of driving fails the test, while None implies that
synchronization did not occur.

Rossler system

Approximate test Numerical test

Measure type Drive type €9, €9, €9, €9,

X 0.1975 4.998 0.1975 4.998
Fixed point y 0.1976 o 0.1976 %

z 9.0 225 9.0 225

X 0.04 4.8 0.54 3.7
Period 1 y 0.04 © 0.36 ©

z F F None

X 0.07 4.9 0.32 4.3
Period 2 y 0.07 0 0.29 0

z F F None

X 0.11 4.9 0.20 45
SBR y 0.11 © 0.18 ©

z F F None
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TABLE II. Numerical estimates for averages along driving trajectories. For the Rossler sgistem-a(y)
and(z)=—(y).

Rossler system

3% (2)

Lorenz system

Measure Type (x) (x) (y) (2)

Period 1 0.2770 —1.385 1.385 0 0 54.81
Period 2 0.2246 -1.123 1.123 0 0 54.94
SBR 0.1649 —0.8245 0.8245 0 0 54.82

2. Periodic orbit measures

degree to which the response system is “synchronized” to

On these measureéas well as the SBR measiire the drive system clearly depends on the degree to which one

B(x:t) #0, so the rigorous and approximate criterion are not Willing to tolerate bursts. _ o
the same. We will only consider the approximate condition O exampliwhery-dnvmg is used Fig. () indicates
and save a discussion of the rigorous condition for later exthat ly=x|~10"* can occur for as long as 1000 times
amples. around the attractor before climbing fty—x|~1. (For
The matrix A is a function of time averages over the
driving trajectory. Table Il shows numerically determined
values for(x), (y), and(z) on each of our measures.
Numerical experiments using the measure associated
with periodic orbits indicate that the eigenvalues/ofun- 10’
dergo the same type of splittings and mergings found for the
fixed point case. More importantly for the period2) orbit
R[A 1] becomes negative at=0.04 (0.07) for both x- and 10
y-driving. In addition, forx-driving and the period 12)
orbit, R[A ;] becomes positive at=4.84 (4.87). When
y-driving is usedA; remains negative for large. The ap-
proximate criteria predicts a change in stability each time
R[A1] changes sign. 10
The results of numerical experiments to test these pre-
dictions are shown in Fig. 3. The figure indicates that if

(a)

LT S L =0.53 ‘I -
x-driving is used and=0.53, then the response system re- 10 z=0_54 ”‘f\\?x”a
mains a finite distance from the period 1 orbit. However, if ——— £=0.55 t’\,"«

€=0.54, then the driven dynamics exponentially converges g™ ‘ . \’.lnﬁ L
1000

onto the period 1 orbit. The figure also shows that if 0 500 i 1500 2000 2500
e=3.8, then the response system appears to diverge while it ime
exponentially converges to the period 1 orbit tor 3.7. (b)

As shown in Table I, numerical tests of these predictions
indicate that the lowethighep critical coupling strength is 10'
higher (lower) than that predicted by the approximate crite-
rion. Thus, the range of coupling strengths for which syn- Lok ﬁ“j'\m
chronization occurs is slightly smaller than that predicted by 100 | ;
the approximate criterion. This is to be expected since the
rigorous criterion implies that it is not enough tafA ;] be
negative, it must besufficiently negative to overcome the
fluctuations represented P~ *BP||). However, given the
“quick and dirty” nature of the approximate criterion we 107
believe that it yields reasonable predictions for coupling
strengths that produce synchronization.

T [ T T

\ \ \ I l‘ J ﬂl f\ IWWW//
! [l

“‘v//\“vw‘ gy flg MY

-1

10

ly—xI

10°
3. SBR measure . A
107 : : ‘
The results of tests conducted on the SBR measure are 0 200 400 600 800
Time

much more complicated than those obtained on the simple

measures examined above. Sample plotyefx| for vari- FG. 3. Resuls of ol test for ritcal . e The Rossl
H H H . 3. Results of numerical test for critical coupling strengths. e Rossler

ous values ofe and types of driving are shown in Fig. 4. system synchronized to the period 1 orbit. The period of the orbit is approxi-

Thes_e figures indicate the bursting Phenomena Qbserved B¥ately six units of time and-driving is used(a) Output is every 106/96th
previous researchers when discussing synchronization. The the period.(b) Output is every 53/96th of the period.
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(@) tory did not come sufficiently close to either the period 1 or
period 2 orbits.
10° ;
B. Lorenz example
| WL The Lorenz system is the following set of three coupled
10° wa, wLJ“ " ODE's:
ANNE
—_ —=0(y—X),
X 107 dt 7
>
dy
——=IX—Yy—XZ
dt y=xz
107
e=4.4 dz
- g=4.5 ——=Xxy—bz,
-—— e=4.6 || dt
10-6 L L H = = =
0 500 7000 1500 2000 whereo 1_0, b=28/3, andr =60. For thesg parameter values
Time the dynamics of the system has a chaotic attractor and three
unstable fixed points, one of which is at the origin.
(b) This example is particularly instructive because if the
coupling is given by
10° 0
€1 €y
£=0.16 DE(0)=| €3 € O],
- £=0.18
10° 0 0 g
then many of the calculations can be performed analytically.
% Furthermore, this type of coupling allows tkeor y variable
110 1 to drive both thex and y equations. Ott and Dirffg have
- shown that this type of coupling is useful when not all vari-
ables are measurable. Their work, and the result presented
107 below, indicates that this type of driving may produce or
guarantee synchronization when purely diagonal coupling
ﬂ W does not.
107° A ] ! ‘ For this dynamical system it is easy to show that .
0 2000 4000 6000 8000 10000 leads to
Time
— O € g~ €y 0
FIG. 4. Results of numerical test for critical coupling strengths. The Rossler
system synchronized to a chaotic trajectds).x-driving with output every A=rT—(2)—€3 —l-e —(X)
one unit of time.(b) y-driving with output every two units of time. <y> <X) —b— 6,

We examine the SBR measure and Dirac measures asso-

€=0.15 we have observefly—x|<107* for as many as Ciated with the fixed point at the origin, a period 1, and a
4000 times around the attractoThese examples confirm period 2 orhit. The trajectories associated with_these mea-
that one must be cautious about discussing the condition foi!"eS aré shown in Fig. 5. Table Il shows numerically calcu-
linear stability of synchronization when the SBR measure idated values fokx), (¥), and(z), on each of these trajecto-
used. The values shown in Table | were selected becaudi§S: The eigenvalues ¢t are
|ly—x| steadily decayed to a small value and did not signifi-  A,=—b—e,,
cantly increase for the next 50 000 time steps. In addition we (13
required thatfly—x|| exhibit the same behavior for values of A= —(otltete) +}([(U+ €)
e close t0€(® and on the stable side of the threshold. - 2 ) !

However, because SBR trajectories are dense they will 2 12
eventually come arbitrarily close to any unstable trajectory. —(1+ &) +4(o—eg)(r—(2)—€3))"?
The values ofe(® listed in Table | for the SBR measure are and, in practiceA; could be eitherA , or A,.
outside the range listed for the period 1 and period 2 orbits. )
Therefore, if the SBR orbit comes sufficiently close to either!- Fixed point measures
of these orbits and/or stays close for a sufficiently long time,  On these measurd¥(x;t) =0, and the rigorous and ap-
then a burst could happéfThe results implied by Table | proximate criterion are both |R[A;]<0. Because
indicate that for our numerical experiments the SBR trajecA ,= —b—¢,<0 for all positive values ot,, we focus our
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40 : ‘ .
O Fixed Point /.f»?\
.............. Period 1 //, + \I
o9 | ——— Period2 ” AN }| |
Y 0 |
-20 |
—40 . ‘
-40 -20 0 20 40
X

FIG. 5. Fixed point, period 1 and period 2 orbits of the Lorenz system.

attention onA .. . Analysis of Eq.(13) indicates that if diag-
onal x-driving is used €,=e3=¢,=0), then the critical
coupling strength  associated withR[A,]=0 is
e(1°)=a(r—1)=590. If diagonal y-driving is used
(e;=€e3=€,=0), then the critical coupling strength is
e=r—1=59. Finally, it is easy to show that if diagonal
z-driving is used, there;=e,=e3=¢€,=0 andR[A,]>0.
Therefore, forz-driving the rigorous criterion can not be sat-

isfied. The results of all of our numerical experiments on the

Lorenz system appear in Table IlI.

2. Periodic orbit measures

On these measuretas well as the SBR measlre
B(x;t) #0. An analysis of the approximate condition of Eq.
(12), in conjunction with Eq.(13), indicates that the ap-
proximation to the critical coupling strength is
e1=o[r—(z)—1]=42 for diagonal x-driving, and
€,=r—(z)—1=4.2 for diagonaly-driving. Numerical ex-

403

periments on the period 1 orbit are shown in Fig. 6. They
indicate that €{”=17 for x-driving and e?=4.2 for
y-driving. Although the error in our approximation for
x-driving may appear large, comparing it to the value
€(®=590 needed for the fixed point at the origin indicates
that it may not be very large.

3. SBR measure

Results of the tests conducted on the SBR measure are
much more complicated than those obtained on the simple
measures examined above. Figure 7 exhibits the bursting be-
havior observed when the trajectory of the response system
approaches a region of phase space that is unstable to per-
turbations perpendicular to the synchronization manifold.
Because SBR trajectories are dense they will eventually en-
counter any such region. Thus, although Fi@) Appears to
indicate that the system will synchronize whep>18 for
x-driving, we know that the fixed point at the origin is un-
stable for this value o&,. Therefore, if the trajectory comes
sufficiently close tax=0, then a burst will occur.

C. Ott—Sommerer example

The third dynamical system we examine is the

Ott—Sommerét set of four nonautonimous ODE'’s:

— =0y,

t

= — pu,+4AX(1—X?) +y>+f sin(wt),
(14

vuy—2y(x—p)—4ky?,

TABLE IIl. Results of numerical tests on the Lorenz system. In this table F implies that this type of driving
fails the test, while None implies that synchronization did not occur.

Lorenz system

Approximate test

Numerical test

Measure type Drive type €9, €9, €9, €9,
X 590 o 590 ©
Fixed point y 59 0 59 e
z F F None
X 42 00 17 o)
Period 1 y 4.2 © 4.1 ©
z F F None
X 42 o 18 o
Period 2 y 4.2 0 4.0 o
z F F None
X 42 ) 19 o)
SBR y 4.2 © 4.0 ©
z F F None
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(a) (a)
10° :
10°
= E
i L
10™
107 :
0 20 40 60 80 100 0 50 100 150 200
Time Time
(b) (b)
10’ . : : 10° : ; :
e=3.8
10° , S £=4.0
10 / -
10™
3 X
> L0 n
T
107 1
10° £=4.0 ““.’v\}\l,'\,'lvﬁ”'w
- g=4.1 W
——— g=4.2
107 . , , , 10°° : L T
0 20 40 60 80 100 0 50 100 150 200
Time Time Step

FIG. 6. Results of numerical test for critical coupling strengths. The LorenzFIG. 7. Results of numerical test for critical coupling strengths. The Lorenz
system synchronized to a period 1 orbit. The period of the orbit is approxi-system synchronized to a chaotic trajectory. The output is every 1/4 units of
mately one unit of time and output is every 19/50th of the peri@. time. (a) x-driving. (b) y-driving.

x-driving. (b) y-driving.

dx
where v=0.05, f,=2.3, =3.5, k=0.0075 andp=—1.5. g1 - Fxit)
This example is interesting for at least two reasons: g
an
(1) From the point of view of synchronization, it possesses a
rich structure of invariant manifolds. d_y: F(y:t) + E(x—y)
(2) For the case we will examing]l of the important cal- dt Y )

culations can be performed analytically. respectively

Originally, Ott and Sommerer examined the two dimen-  In principle the driving trajectorx=[x,v,y,vy] eR%;
sional invariant manifold defined by=v,=0 in the context however, we will consider driving trajectories restricted to
of riddled basins. Their results indicate that motion on thethe invariant manifold of the driving system. Under these
manifold is chaotic, however, for our parameter values, theircumstancess=[x,v,,0,0] andDF assumes a block diag-
manifold is unstable. Thus, typical motion for this dynamical onal form. If we use a block diagonal coupling matridE,
system is inR*, where there is one chaotic attractor and nothen the linearized equation of motion far=y—x decom-
other attracting sets. poses into motion parallel to, and perpendicular to, the in-

As usual, denote the drive and response systems by variant manifold of the system,
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wd) satisfying the rigorous condition of E¢L0) is to choose's
T =[DF"“)(x)—DE™(0) Jw™), (19  sothatA . are complex with imaginary parts that are not too
small.
where It is easy to show that i\ . are complex, theN, =N_
0 1 and the rigorous condition for linear stability of synchroni-
DE®) (x) = zation is
g0~
v+e+e>4|g—(9)])C, (17)
and
where
[ (L) (L)
DE(J‘)(O): E;]_L) 6:1):|, . —(1_64)2 1/2 (18)
L€3° € (v+e—e)°+4(1—€4)((9) — €3)
andg)(x)=—-2(x—p). (A similar, although more complicated, expression@can
An equation similar to Eq(15) involving w{), DF),  pe obtained when .. are real)
DE(, andg’(x)=4(1-3x?) exists for motion parallel to The major theoretical results of this example are Egs.

the manifold. This decomposition implies, and our numerical(16)—(18) and the conjecture that thes should be chosen so
experiments verify, that coupling strengths exist for whichthat A. are complex. Together they represent an analytic
the response trajectory collapses onto the invariant manifoldolution to the rigorous criteria for synchronization.

of the response system but the response system is still not Equation(17) is interesting because the right had side
synchronized to the driving system. When this occurs, thelepends on both the coupling strengths and the driving tra-
response system is linearly stable to perturbations perpefectory, while the left hand side only depends on the cou-
dicular to this manifold but not to perturbations parallel to pling strengths. A useful trick is to s€=const>0. Under
this manifold. these circumstances the right hand side of @q) is con-

For the remaining discussion we drop the supersctipts stant for a given driving trajectory and one can increase the
and||, and leave it to the reader to remember that each calalue ofe; and e, (maintaining constant) until the rigor-
culation must be performed iboth the perpendicular and ous condition is satisfiedAs discussed in Appendix C this
parallel subspaces. Using E{.5) it is easy to show that approach to designing couplings that satisfy the rigorous cri-
terion is quite general.

A=| €1 1€ Because Eqg14) are nonautonimous, they do not have
(9)—€e3 —(vt+er) fixed points. However, periodic orbits and the SBR measure
and still exist. We examine the SBR and the Dirac measures
associated with a period 1 and a period 2 ofbée Fig. 8.
0 0 Numerically calculated values fofg) and (|g—(g)|) on
B(x;t)= g(x)—(g) 0 each of these measures are shown in Table IV.
We now present examples where the rigorous criterion is
The eigenvalues oA are tested for various types of drivingOur theoretical and nu-
—( merical results are summarized in Table @ur analysis is
vtete) 1 . : ) ;
Ai:fii[(w €, €1)? simple and is designed to shown whether or not the rigorous
criteria can be satisfied. Thus the numbers shown in Table V
+4(1—e4)(<g>—e3)]1/2, (16) are quite large. As we show in Appendix C, the region of

R parameter space that results in couplings which satisfy the
and the eigenvectors aié.e. =[(1—¢,),e;+ A~ ], where rigorous criteria typically has positive volume. Thus, with
N. are the following normalizationsN.=[(1—€4)®>  some additional effort we could have found lower values for
+|e;+A . [’]2 The eigenvalues oA can be real or com- the coupling strengths than those listed in Table V.
plex, depending on the values of tle&s. Using the eigen-

vectors,ét , and the equation foB, one can obtain the fol- 1. Diagonal driving

lowing simple expressiofin each subspage This type of driving uses all components rfas the
AP B IPI=(g—(g)]) driving signal,e;=¢€,=0, ande;= e,=e€. For this case the
usable parameter space is the real lfhand rigorous results

(1—€9)? [YINZ+N2 have been previously obtainéd For this type of driving Eq.
[A_—AL? NoN_ | (16) and Table IV indicate thai .. are always complex on

) ] 4 . ] each of our measures. In addition, E8) shows thatC is
Note that this equation fol|P [B(x,t?]P”) diverges at  jngependent ot, and its value is fixed by the driving trajec-
the transition between real and complex’s. From Eq.(16) {51y ‘|nserting these results into E.7) leads to the follow-

it is easy to see thaR[ A, ] increases as the term inside the jq expression for the rigorous condition for synchronization
square root increases from zero. AlsoAif. are complex,

then—MR[ A ] can be made arbitrarily large by increasiang
and/ore,. These observations suggest that the best hope for

1/2

e>— 2 +2(g~(9)) 19

-1
v+ 4(g)

Chaos, Vol. 7, No. 3, 1997



406 R. Brown and N. F. Rulkov: Synchronization of chaotic systems

(@) rigorous criterion can not be satisfied for this type of driving
we define new parametens= €, + v andw=1/C. In terms of
4 . , the new parameters Egd.7) and(18) are

SO I uw>4(|g—(g)|),

2l o —4(g)=(u—2v)2+w>.

; ) On the measures we are consider{gy<0, so these equa-
P ! tions define a hyperbola and a circle, respectively. The circle
r f . constrains the values of the new parameters to a one dimen-
L AN / sional curve. Thus, the dimension of the usable parameter
Ve N / space is the same for new and old paramete®sis(imagi-

-2t N e Period 1 ) 1 nary for values ofe; e R corresponding to points off the

—__ Period 2 - circle)
Synchronization to the driving trajectory will be linearly

‘ stable if any portion of the circle extends above the hyper-
1 2 bola. It is straightforward to show that, on the measures we
are examining, the hyperbola hag>[—4(g)]¥? when
(b) u—2v=[—4(g)]*2 Thus the hyperbole and the circle never
intersect and the rigorous condition for synchronization can
not be satisfied(This result does not mean that this type of
driving will not produce synchronization. It only means that
our analysis can not determine a valueegpfthat guarantees
synchronization.

Another variation of this type of driving uses the posi-
tion variables to drive both the positioand the velocity
equation(see Ref. 2B For this type of drivinge,=¢e,=0
1 and the parameter space, associated wjttand €5, is R2.
Also, Eg.(16) and Table IV indicate thah . are not com-
plex for all values ofe; and e;. However, if Eq.(18) is
] satisfied, thenm\ .. are complex. Rewriting Eq$17) and Eq.
(18) leads to the following expression for the rigorous con-
dition for linearly stable synchronization:

_5_2 _‘1 : 1‘ 2 €1>_V+4C<|g_<g>|>' (20

-2 -1

Xor

%o

1 1
E3:Z(V_61)2+ (9)+ W} (21)

FIG. 8. Measures of the Ott-Sommerer moda). Period 1 and period 2
orbits. (b) The SBR orbit on the surface of section givendaty=0 mod 2. . .
whereC>0 is arbitrary.

These equations define a line and a parabola, respec-

Since, for the considered examples, this condition akn tively. The parabola exist for all possible valuesegf and

waysbe satisfied linearly stable synchronization can always!l driving trajectories, and its minimum value is determined
be achieved with diagonal driving. by the arbitrary constar€. The line also exists for all driv-

ing trajectories(Of course one should choog&eso that this

line is in the positivee; half plane) These curves are guar-

anteed to intersect, and synchronization is guaranteed to be
This type of driving uses only the position variables, linearly stable for any point on the parabola whesealue

andy. The simplest example is when=e;=¢€,=0 and the s larger than the one associated with this intersection. We

parameter space is agdi In order to demonstrate that the remark thatC= 1/4|g—(g)|) is a choice which greatly sim-

2. Driving via position

TABLE IV. The values of(g) and{|g — (g)|) calculated on the measures shown in Fig. 8.

Ott—Sommerer System

Measure Type (g (g R (Igh—(gMy]y
Period 1 ~1.223 —6.307 0.4769 5.142
Period 2 -3 ~7.767 1678 10.30

SBR -3 ~7.038 1.714 7.856
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TABLE V. Results of numerical tests on the Ott—Sommerer system. In this table F implies that this type of driving fails the test. For off-diagonal driving the
first number listed is eithe¢, or €, while the number listed below it is eitheg or e,.

Ott—Sommerer system

Rigorous tests Approximate test Numerical test
Drive measure Drive type 1 I 1 I 1 I
Period 1 Diagonal all 0.812 4.04 0 0 0.01 0.28
Diagonal onlyx F F 0 0 0.01 0.62
Diagonal onlyv F F 0 0 0.01 0.69
Off-Diagonalx 0.95 0.95 0 0 0.002 0.15
0 99.6 0 0 0.04 0.55
Period 2 Diagonal all 1.89 7.34 0 0 0.13 0.99
Diagonal onlyx F F 0 0 0.25 2.6
Diagonal onlyv F F 0 0 0.24 2.8
Off-Diagonalx 0.95 0.95 0 0 0.05 0.5
8.47 416 0 0 0.9 1.75
SBR Diagonal all 1.92 5.87 0 0 0.05 0.52
Diagonal onlyx F F 0 0 0.09 1.9
Diagonal onlyv F F 0 0 0.10 15
Off-Diagonalx 0.95 0.95 0 0 0.05 0.5
8.95 193 0 0 0.7 1.75

plifies the guaranteed synchronization condititims is the eral types of coupling, and they can be used to determine the
form used to generate the numerical values shown in TablBnear stability of invariant manifolds within a dynamical
V) system(see Appendix A

We have two major results. The first is a rigorous crite-

>1-v, . . L . .
€1 g rion, given by Eqgs.8)—(10). If it is satisfied, then linear
1 stability of synchronization to the driving trajectory is guar-
T2 _ 2
e3=7 (v—e)*+[(9) +4(|g—(a))°]. anteed. The condition is based on norms of deviations from
synchronous behavior. As such it tends to overestimate the
3. Driving via velocity coupling strength needed to achieve synchronizatian.al-

ternative formulation of the rigorous criteria can be found in
Appendix E) The second result, given by El2), is a
“quick and dirty” criterion for estimating the coupling
strengths needed to produce synchronous behavior. The ap-
satisfied, them\ .. are complex. However, even if EQL8) is proximation Is easy to (?alculate and can be used to quick]y
investigate many coupling schemes and strengths. A major

satisfied, values o, and e, which satisfy the rigorous con- . .
dition for synchronization do not exit. To see this define newadvantage to our approach is that both the rigorous and ap-

parametersu= v+ e, and w=(e;—1)/C. In terms of the proximate criterion have a geometric interpretation that can
new parameters E?JS17) and (1§) are ' be used to design couplings schemes and strengths that will

result in synchronizatiorisee Appendix € Both criterion
u>4C{|g—(g)|), can also be related to fundamental issues in control theory
2 2 2 (see Appendix

(2C(g)"=u+(2C{g)~w)*, Both the rigorous and approximate condition are depen-
where C is arbitrary. These equations define a line and ajent on the measure used for the driving dynamics and can
circle, respectively. It is straightforward to show that theyield different stability results for different driving trajecto-
circle does not intersect the line on the measures we havges. Nonetheless, based on our results, and previous work
examined. Therefore, the rigorous condition for synchronizapy others, it may be possible to design couplings that result
tion can not be satisfied by this type of driving. in linearly stable synchronization for arbitrary driving
trajectories’®

To test these criteria we have performed numerical ex-
periments on four different dynamical systems, the Rossler,

In this paper we investigated the linear stability of the Lorenz (see also Appendix )& and Ott—Sommerer systems
invariant manifold associated with synchronous behavior beand a system used to model chaotic masking in communica-
tween coupled dynamical system&ee Appendix B for a tion (see Appendix A When taken together, these examples
discussion of these manifoldg\lthough we examined a par- provide a thorough examination of the stability criterion we
ticular type of coupling, our results are valid for more gen-propose.

This type of driving uses only the velocity variables,
andv, . As an example, let the velocity variables drive both
the position and the velocity equations. Theags e;=0 and
the parameter spaceli. Again we notice that if Eq(18) is

V. SUMMARY
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recently appeared in the literature. The key point to realize is

X
that a linearized equation, similar to E&), arises whenever
3 a dynamical system has dynamics on a smooth invariant
I," manifold of its full phase space, and one is considering the
----------- ‘ 320 linear stability of this manifold to perturbations which are
transverse to the manifold.
’ For example, the equations examined by Ott—Sommerer
e & & are of the form
. . - . dx
FIG. 9. An example of a possible bifurcation diagram for the stability of —=F(x,y;t),
synchronization onto an unstable fixed point. If the coupling parameter has dt
a value near eithee® or e, , then it is likely that noise will cause the
response system flip beyond the unstable solution and away from the syn- dy . .
chronization manifold. dat M(x,y;t)y,

whereM is annxn matrix whose elements are functions of
We close with a discussion of how noise and nonlinearxe R™ andye R" and time,t. For this systemy=0 is an

effects influence the conclusions one can draw from the lininvariant manifold. The linearized equations of motion for
ear stability analysis. In this context consider a chaotic atw=y—0 are the same as E(L5) with DE(")=0 [see Egs.
tractor that contains an unstable fixed poinkat0. Further-  (7) and(8) in Ref. 21]. If this manifold is unstable, then one
more, assume that=0 is the driving trajectory, and the can use our criterion to determineDE™) that stabilizes this
response system synchronizes onto this fixed point as th@anifold. By absorbindE'") into the matrixM (x,y;t) one
coupling strength increases. The change in stabilitg &  can determine values for the parameterdvinthat yield a
creases is a bifurcation which we will model by a pitchfork linearly stable invariant manifold.
(see Fig. 9. A linear stability analysis does not take into Another type of problem that is covered by our formal-
account the existence of the unstable trajectories forsm is synchronization between mutually coupled identical
e> €. For arbitrarily small noise amplitude there exists asystems. The equations of motion for this problem are often
range ofe values neae(® where noise will eventually push of the form
the response system above or below the dashed lines. When
this occurs the response system can not collapse back to the %: F(X)+ E;(y—X),
synchronized state and is forced to seek out an attracting dt
state away from the synchronization manifold. Also, a linear
stability analysis does not take into account the existence of — =F(y)+E,(x—Y),
the unstable trajectories nea+=0 whene=e€, . If e=¢, dt
then noise may cause a loss of synchronization. Thereforgvhere E;, and E, are functions of their argument and
although a linear stability analysis may seem to guaranteg,(0)=E,(0)=0. Because of the lack of constant terms in
stable synchronous motion, noise and nonlinear effects mag, and E, the synchronization manifold=y is invariant.

prevent long term synchronous behavior. The linear stability of this manifold is determined by E&)
whereDE(0) = DE,(0) + DE,(0). Using our criterion to de-
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q G(y,x;€),

APPENDIX A: RELATED PROBLEMS where F=G when x=y and/or e=1, has been previously

With minor modifications the techniques and results dis-examined>3233For this systenx=y is an invariant mani-
cussed above are valid for more general types of couplingold for all values ofe. (We present an example of this type
They can also be used to study the stability of invariantof system below.
manifolds of a dynamical system. In part, this generality ex-  For each of these problems the important research issues
ists because the linearized stability equations we examineenter around the stability of an invariant manifold of the
arise in a variety of other problems, many of which havedynamics. In particular, synchronization betweé¢rcoupled
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proseees ; where the parameters, y, §, € and o are all positive(The
5 Lo relations between the parameters of the model and the pa-
3 rameters of the circuits can be found in Ref).1l these
equationsn denotes the time dependent message one wants
to send, althouglx; + m is the actual transmitted signal.

In numerical simulations we use

m)

Drive circuit =

X, 0+ m(O f(x) = —sign(x) 2 c

FIG. 10. A block diagram of electronic circuits that are modeled by Egs. a2—c 1/2

(AL) and (A4). x| —a+ —ar)(fl(x)—a)2+c ) (A2)
where

dynamical systems can often be thought of as motion on a M if |x|<a

smooth invariant manifold which lives in the full phase space ' _ -

of a single large dynamical system consisting of tKe f.(x)=9{ —a[2[x|—(b+a)]/(b—a), ifa<|x|<b,

smaller systems. Given this interpretation, our results indi- —a, if [x|>b .

cate that the stability of synchronization is a special case of (A3)

the stability of invariant manifolds of a dynamical system.
(A similar observation can be found in Ref. 1Zherefore,
although our results are presented in the context of synchr

nization between identical chaotic systems coupled in A3) has b firmed Vi hronization betw th
drive/response manner, they are applicable to areas of re- ) as been confirmed via synchronization between the
real circuit and the modél.

search where the stability of invariant manifolds is the cen- Th term is dri by th ltaciérom th
tral issue. Examples of this are riddled basins and on-off € response system Is driven by the voltagerom the

intermittency, synchronization of identical systems with mu-d”\./e system. Experlmentally, !t IS fe.d into another c.|rcu|t
tual coupling, and generalized synchronizatiéaL-32-36 which couples it to the transmitted signal,+m (see Fig.
' ' 10). The dynamics of the response circuit is

If we seta=0.5,b=1.8 andc=0.03, thenf(x), as given by
(Eqs.(AZ) and(A3), fits the nonlinearity of the convertex,
0 within ~2% accuracy. The validity of the modéh1l)—

1. Communication example
. . e — dx,
This example is a modification of a synchronization ar Y

method which has previously been used to experimentally
demonstrate communication via modulated chaotic sighals. dy,
The modification involves introducing a parameterwhose qr - Yo Watza, (Ad)
variation changes the stability properties of the synchroniza-
tion manifold. Introducing this additional parameter, and  dz,
carefully selecting its value, can enhance the stability of the 5 = Yl af[Xxa+ (X, +mM=Xz) ] = Z,]— oy>.
synchronization manifold®23 Therefore, adding this param-
eter is very useful for applications. The parametere, indicates the strength of the coupling

A block diagram of the modified drive and response cir-between the drive and response circuit. Note that=H0,
cuits is shown in Fig. 10. Each circuit consists of a nonlineathen the drive and response system are uncoupleg=I,
converter N, which transforms input voltage, into output, then a driving signalx,;+m, is the argument of the nonlin-
af(u) (see Ref. 12 for detailsThe parametewr character- earity of the response circuit. If the drive and response circuit
izes the gain ofN aroundx=0. The nonlinear amplifier has synchronize, then the response system operates as a ‘“‘chaos
linear feedback which contains a series connection to a lowfilter” which can be used to extract the message from the
pass filter,RC’, and a resonant circuitC. transmitted signal(To see this, notice that ¥=1, and the

Our analysis requires knowledge of the equations of mofesponse system synchronizes to the drive system, then
tion for the systems. The dynamics of the chaotic drivingx,=xX; and the message), can be recovered by subtracting
circuit can be described by the following system of threex, from transmitted signal.More importantly for applica-
ODE's tions, if the two systems synchronize fer: 1, then this

same procedure can still be used to transmit messages.

%:y An examination of Eqs(Al) and (A4) results in the
dt b following equations forA and B:

dy, 0 -1 0

TR Y (A1) A=l -1 -6 1]

le O — g Y

WZY[Qf(Xl"'Em)_Zﬂ_UYL and
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' the most stable synchronization manifold occurs when

folds that arise when discussing synchronization. The idea
of an invariant manifold is fundamental to our approach.
-0.30 | 1 Because we have discussed many different invariant mani-
r folds it is useful to carefully construct a geometric picture
-0.40 , . , . of these manifolds. This construction provides a unified in-
00 02 04 06 08 10 12 terpretation of the issues discussed above x<ek? denote
€ the trajectory of the driving system and ie¢ RY denote the
trajectory of the response system. Hence, the full phase space
that describes the evolution of the two system&38. If z
denotes a trajectory in the full phase space, then the synchro-
nization manifold for identical systems is defined by
0O 0 O ve={z=(xy)|x=Y}.
B(x)=| O 0 0 Next, assume that the driving trajectory evolves on an
1 ’ . . . . . . . .
m=d dimensional invariant manifold7Z; . This manifold
9(x,) 0 0 may, or may not, be stable to perturbations. For example, if
where g(x;)=ay(1—€)f'(x,+m) and f’'(x)=df(x)/dx.  the driving trajectory is an unstable fixed point, ther-0,
The characteristic equation fér is and 7 is unstable. If the driving trajectory is an unstable
limit cycle, thenm=1, and%}, is unstable. However, if the
AZH(o+ A%+ (1ot yd)A+y=0. driving trajectory is a dense orbit on a chaotic attractor, then
This equation is not easily solved for the eigenvalues. Howm=d and%/}, is stable (For this case we are not saying that
ever, the Routh Hurwitz criteria indicates tHaf A]1<<0 for 7' is the attractor. RathetZ, is the manifold that con-
all eigenvalues’ tains the attractor.For all of these cases it is possible for
For this example, A is independent ofe and % p to occupy zero volume iRY. Finally, if the system is
{(IP~YB(x)]P|)=0whene=1. Therefore, ife=1, then the  Hamiltonian and the driving trajectory is chaotic, thers-d
rigorous condition for linear stability of the synchronization and 77, occupies positive volume iRY.

* 1 #1. The fact that the rigorous condition is guaranteed to be
*a«EJ 0101 —2 | satisfied in some neighborhood e&=1 means that we are
S —3 free to search for values af that result in the most stable
e synchronization manifold.

w o0.00

3

s : APPENDIX B: GEOMETRICAL DISCUSSION OF

8 -010¢ INVARIANT MANIFOLDS

>

':, In this appendix we discuss the various invariant mani-
) -0.20 4

[

>

(2]

sl

o

|_

FIG. 11. The transverse Lyapunov exponents as a functian of

manifold (R[A,]<0) is satisfied. If e#1, then In addition, the dynamical system itself may have an
(IP~YB(x) 1P|+ 0 and this simple analysis fails. invariant manifold, 7°CRY (which we call an invariant

To understand the importance ef-1 for applications manifold of the system An invariant manifold of the system
notice that iff (x) is given by Eqs(A2) and(A3), thenf’(x) may contain an infinite number of trajectories. For example,
is not continuous. However, this function is only an approxi-the Ott—Sommerer system discussed above has an invariant
mation to the realf(x). If the real f(x) has a continuous manifold defined by=v,=0, and a chaotic attractor exists
derivative (in fact we believef(x) is smooth, then there in this manifold® (This chaotic set is attracting for points
exists an open neighborhood©f 1 where the rigorous con- within the manifold defined by=v,=0.) Therefore, it is
dition for synchronizatioEq. (10)] is guaranteed to be sat- possible to consider a case wheré}, is restricted to an
isfied. invariant manifold of the system”’,C 7°. However, in

The existence of this neighborhood is important becausegeneral this is not the case. An important point to keep in
although the synchronization manifold is linearly stable formind is that the driving trajectory defineg’;, and each
e=1, this does not guarantee that 1 results in themost  different driving trajectory(in general defines a different
stable manifold. The loss of synchronization is unfavorableZZ}, .
for applications involving communications. Thus, one wants  For identical systems, the response system has an iden-
a synchronization manifold that is as stable as possible, antical m dimensional manifold7”r. The manifolds77, and
which recaptures the response trajectory as soon as possibléy are not the same becaugép, lives in the phase space
in the event that synchronization is lost. Therefore, oneof the driving system whileZZ lives in the phase space of
should to use ar value that yields thenost stablesynchro-  the response system.
nization manifold. In the full phase space of the combined system these

In Fig. 11 we show the transverse Lyapunov exponentsnanifolds can be defined by §={z=(x,y)|xe 75}, and
as a function of for our model. The figure indicates that, at 7 ={z=(x,y)|ye 7 r}. (See Fig. 12 for a schematic pic-
least as far as transverse Lyapunov exponents are concernéare of these manifoldsThese manifolds intersect in the full
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FIG. 13. Various surface® , and3 . The dashed line is the boundary of
the region of parameter space that yields linearly stable synchronization.
Any location in parameter space “above” this line will yield linearly stable
synchronization.

FIG. 12. Various manifolds and intersections which arise in the phase space Now consider a fixed driVing trajeCtory' For this trajec-
associated with two identical systems which are coupled together. tory, each value o€g (C,) corresponds to a particular sur-
face from the famil\Z g (). The boundary of the region of
parameter space that yields linearly stable synchronization is
given by the intersections of surfaces fr@n with surfaces
from 3z whereCg=C, . These intersections form a surface
in the parameter space. Any intersection associated with
C,>Cg will result in linearly stable synchronization onto
the driving trajectory. Furthermore, all of these intersections
will reside on one side of the surface defined by the bound-
ary (see Fig. 1R BecauseC, andCg are(in general arbi-
trary real numbers, and the reals are dense, we know that the
region associated with linearly stable synchronization will
typically occupy positive volume in the phase space.

An immediate consequence of this approach is that if
none of the surfaces frord , intersect surfaces frolg,

phase space. The intersection is defined YN 7 %
={z=(X,Y)|x € #Zp andy € 7R} (see the dark solid curve
in Fig. 12. Since this definition does not requixe=y, it is
clear that, although N 7% contains part of the synchro-
nization manifold, 77 5N % &+ 7°°. Furthermore77’® con-
tains all possible driving trajectories. Therefore, 4 is
restricted to an invariant manifold of the system
(7 5C 7%, then some trajectories withi#® are not in
7.

Therefore, when we discuss the linear stability of syn-
chronizationfor a given driving trajectorywe are actually
discussing the stability of the manifold given by then the rigorous criterion for synchronization can not be
V=W ENTV {ENT °={z=(X,y)|xe 7§ andy € 7% and met
x=y} to perturbations that are transverse to this manifold. An explicit example of this analysis is the Ott—

The manifold associated with this intersection is labgied . .
. S .. Sommerer example discussed above. For this example Egs.
Fig. 12. Although it is shown as a dot one must keep in mmdS X . o
) d ) . (17) and (18) are equivalent to the stability criterion of Eq.
that the dimension of the manifold?”, ranges from a low of N . s .
; % AP (10). Begin with the diagonal driving example and consider a
zero to a high ofd. If Z ;N7 gN7* is stable for all fixed drivi . = hi le th
ossible driving trajectories we say that® is stable xed crving trajectory. For t IS example t_e parameter
P ' space isR andC [from Eq.(18)] is a constant, independent
of e. BecauseC is constantCg can have only one value and
there is only one surface in the famiyy . Furthermore, the
fact that the right hand side of E(L7) is independent o€
implies thaty is the entire parameter space. In contrast
In this appendix we discuss a geometrical interpretatiorC, can take on any value. The left hand side of ELJ)
of the stability criteria discussed in Sections Il and Ill. Equa-indicates that a particular value 6f, corresponds to a par-
tions (10) and (12) have geometrical interpretations which ticular value ofe. Therefore 2, is a family of points in the
can be used tdesigncouplings that yield stable synchronous parameter spach.
motion. One can think of the elementsDE(0) as living in For these surfaces the boundary of the region of param-
ad? dimensional parameter space. The right hand side of Eceter space that yields linearly stable synchronizattbe in-
(10) defines a function in this parameter space. Furthermoregrsection off, , and2 associated witlC , = Cp) is a point
this function can be used to define a family of surfaces in thisn R. Intersections associated wi@, >Cg are also points.
parameter space. Explicitly, the family of surfadggis de-  Finally, the region associated with linearly stable synchroni-
fined by(||P~Y[B(x;t)]P|)=Cg, whereCg is a constant. In  zation(the intersection of all surfaces froB, with surfaces
a similar fashion the left hand side defines a different funcfrom X such thatC,>Cpg) is an interval which occupies
tion and family of surfaces. Explicitly, the family of surfaces positive volume inR [see Eq(19)].
3, is defined by—R[A,]=C,, whereC, is a constant. The final example is driving with position, and the posi-

APPENDIX C: GEOMETRICAL INTERPRETATION OF
THE STABILITY CRITERIA
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tion is permitted to drive both the position and velocity equa-For the coupling we have considered the inputs are feed-
tions. The parameter space for this exampleRfs Now,  packs, U(t)=EizléaWa where € is a constant vector
assume the driving trajectory is fixed. The derivation that\which typically has only one componénTherefore, a con-
lead to Eq/(21) shows thaB g is a family of parabolas ifi”. trollability approach would involve determining& so that

Selecting a value fo€j is equivalent to selecting a value for G(t,t) has full rank and then usin@E(O)aﬁ=I§aCB to

C,. whlch is equivalent to selecting a particular parabola fromObtain DE(0).
this family.

: o . The difficulty with the controllability approach is that
fami-:—h?)fliif;ehsa?: Fes"!desglfecl;zt%(l?)a I\r/]:lll(j:t?;éhafefegsaa U(t,tg) has a complicated time dependence. Avoiding this
y X L ing . A complication is one of the motivations for considering the
particular line from this family. Thus, if one has chosen a

particular value forC, then the boundary of the parameter equation

space region that yields stable synchronization is the inter-

section of a line and a parabola. For this example this inter- _W:[A+ B(t)]w, (D2)

section always exists. Intersections of lines associated with dt

C,>Cp (for fixed C) sweep out a portion of the parabola.

Therefore, for fixedCg (equivalently, fixedC) the portion of ~whereA andB are defined by Eqg8) and (9). In this for-

the parabola that is beyond the line associated ®it{s-C, ~ Mulation of the problem the coupling strengti3g(0)) are

corresponds to values of the coupling parameters that prgrart of A, we think of A as the uncontrolled dynamics, and

duce stable synchronous motion. B(t)w are driving inputs. In effect the rigorous criterion of
Now recall that the value o is arbitrary, and different EQ. (10) says that if the eigenvalues &f are placed suffi-

values of C vyield different parabolas. For each different ciently far into the right half-plan¢as a result of feedback

value of C the rigorous criterion chooses a portion of a pa-coupling then the fluctuation that result from the chaotic

rabola. Therefore, the region of parameter space that satisfi@&iving are not sufficient to destabilize the fixed point at

the rigorous criterion is the one swept out by portions of thev=0. In this sense our criterion is similar in spirit to pole

parabolas for all possible values 6f This region occupies Placement control theory.

positive volume in the parameter spagé, We remark that the controllability matrix can not be im-

mediately calculated for EqD2) becauseB is a function
APPENDIX D: RELATIONSHIP TO CONTROL THEORY that maps input space into state space wBilis a function

In this appendix we discuss the relationship between outrhat maps state §p'ace into itself. In @2) the function that
lays the role oB is part of the matrixA.

results and those found in control theory. The reIationshi;P X i ) ) .
between synchronization and control has been known for W€ Delieve that a different interpretation of synchroni-
some time®° In these papers synchronization is typically zation (still from control theory could be quite promising.

discussed as an example of feedback coriet the review Walker and Mees interpret synchronization as an example of

by Chen and Dorfy state estimation and the observer probf&rThis view of
In basic control theory one is often interested in the fol_synchronization says that synchronization permits one to es-
lowing equation: timate the complete state of a system when the full state

vector is not observable. In practice one could imagine cou-
pling the output from a physical system to a model of the
system using coupling that is guaranteed to result in stable

: . . . synchronization(Here we rely on the fact that synchroniza-
whereu(t) is a time dependent scalar inplihe drive. In tion is robust to modeling errors and noigeChe full state of

this equation we are invited to think &f as the uncontrolled the physical system is then the same as the state of the
dynamics andB(t) as a matrix which couples the input to the model. For the linear system the observer problem and the
uncontrolled dynamics. An important question in control control problem can be shown to be duals of each dthér.
theory is, can one find inputsi(t), so that thew(t)=0in  Thus, many of the results proved for observability of a dy-
finite time. The answer to this question is often determinechamical system are corollaries of theorems proved for con-
by constructing a controllability matrix trol. In this paper a rigorous and easy to calculate criterion
for synchronization is given.

dW_ A ~
St ~AMW+B(Hu(b),

G(t,tg)= ftU(t,s)é(s)é*(s)U*(t,s)ds, (D1)

to
WhereU(t,to)zexp[f{oA(s)ds]. It is known that if G(t,tp)
has full rank (detG)#0), then one can find inputs so that

W(t)zo_Sl APPENDIX E: ANOTHER RIGOROUS CRITERION
We are interested in the following linearized equation of ] ] ) o
motion: In this appendix we describe a derivation that leads to a
rigorous criterion similar to the one derived in Section II. If
d_W —[DF(t) + DE(0)]w one does not transform to coordinates given by the eigenvec-
dt ' tors of A, then Eq.(5) becomes
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w(t)=U(t,tg)w(ty) + ftt U(t,s)B(s)w(s)ds,
0

where U(t,tp) =exgdA(t—tg)]. This equation leads to Eg.
(6) as a sufficient condition for linear stability of synchroni-
zation withK replaced byB. It is straightforward to show if
U(t,tg) =exdA(t—tp) ], then a rigorous sufficient condition
for linear stability of synchronization is

—R[A,]>C(|B]), (E1)
where
1/2
= > ’Palpzﬁl 2 (E2)
af

For this criterion the terms involving the coupling strength
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