Images of synchronized chaos: Experiments with circuits
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Synchronization of oscillations underlies organized dynamical behavior of many physical,
biological and other systems. Recent studies of the dynamics of coupled systems with complex
behavior indicate that synchronization can occur not only in case of periodic oscillations, but also
in regimes ofchaotic oscillations. Using experimental observations of chaotic oscillations in
coupled nonlinear circuits we discuss a few forms of cooperative behavior that are related to the
regimes of synchronized chaos. This paper is prepared under the request of the editors of the special
focus issue ofChaosand contains the materials for the lecture at the International School in
Nonlinear Science, “Nonlinear Waves: Synchronization and Patterns,” Nizhniy Novgorod, Russia,
1995. The main goal of the paper is to outline the collection of examples that illustrate the state of
the art of chaos synchronization. €96 American Institute of Physics.
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One of the most significant properties of oscillations gen-
erated by nonlinear dynamical systems is their ability to
be synchronized. The synchronization of the oscillations
can be achieved due to either an external forcing or cou-
plings between the systems. Although synchronization is
originally referred to systems with periodic oscillations,
recent studies show that phenomenon of synchronization
extends to cases of irregular, chaotic oscillations gener-
ated by dynamical systems. The growing interest in sys-
tems with chaotic dynamics and their applications in dif-
ferent fields of science bring new issues to the
synchronization theory. Despite the fact that many recent
publications discuss examples of synchronized chaos, the
general framework of this phenomena has not been quite
developed. The main point of this paper is to present
examples of chaos synchronization that illustrate the
modern state of this framework. In order not to be ab-
stract we consider the cases of chaos synchronization that
we observed in experiments with electronic circuits. We

also discuss mechanisms responsible for the onset of syn-

chronization.
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I. INTRODUCTION

Synchronization of oscillations is a well-known nonlin-
ear phenomenon that is frequently encountered in nature.
The ability of nonlinear oscillators to synchronize each other
is a basis for the explanation of many processes of nature
and, therefore, synchronization plays a significant role in sci-
ence. Numerous applications of the synchronization in me-
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chanics, electronics, communication, measurements, and otic behavior. At the same time it was shown that some of
many other fields have shown that the synchronization ishe ideas of synchronization can be extended for description
extremely important in engineering. of particular types of cooperative behavior in coupled sys-
Usually, synchronization is understood as the ability oftems with chaotic dynamics. For example, Fujisaka and
coupled self-excited oscillators with different frequencies toyamada have demonstrated that two identical systems with
switch their behavior from the regime of independent oscil-chaotic individual dynamics can change their behavior from
lations characterized by beats to the regime of cooperativancorrelated chaotic oscillations to identical chaotic oscilla-
stable periodic oscillations, as the strength of the coupling isions, as the strength of the coupling between the systems is
increased. As a result of synchronization, the oscillatorsncreased.
change their frequencies in a such way that these frequencies Recent ideas of employing the synchronization of chaos
become identical or related via a rational factor. Dependindn different applications resulted in intensive studies in this
upon the properties of oscillators considered, there are diffield of nonlinear dynamics. Numerous papers, published in
ferent explanations as to why these oscillators synchronizehe past six years, employed the ideas of synchronized chaos
For instance, one can distinguish between the mechanism fésr different techniques of communications with chaos,
synchronization of relaxation oscillators that produce sharghaos suppression, and monitoring dynamical systems. As
pulses and the mechanism for synchronization of the oscillathe result of these intensive studies, the framework of syn-
tors that generate smooth waveforiftise main features of chronized chaos in the form of identical oscillations has been
these mechanisms are outlined in Appendix Mowever, well understood. However, taking into account the variety of
one should keep in mind that the separation of these mech#&srms of synchronized periodic oscillations, one understands
nisms is not precise, and they can be considered as limitinghat the regime of identical chaotic oscillations is just a par-
cases of a general mechanism, where resonances and actioiesilar form of synchronized chaos, and other, more complex
of dissipative forces are very important. forms of synchronized chaotic oscillations, can exist. Despite
the fact that the first steps toward the understanding of such
complicated cases of synchronized chaos were carried out by
The first nonlinear theory for synchronization of quasi- Afraimovich et all° more than ten years ago, the general
harmonic oscillations is due to van der Pdllow, there are  problem of synchronized chaos has still not been studied.
many books and reviews that discuss different aspects of the |t js known that even for periodic oscillators, the theo-
synchronization theory for periodic oscillators. Studyingretical analysis of synchronization in general is a very com-
Refs. 2—-8 can be very useful for understanding the maimjicated problem. However, experimental analysis of the
features of the onset of synchronized behavior. synchronized periodic oscillations is straightforward. Indeed,
Despite the complexity of mechanisms involved in thejn order to observe the onset of synchronization in periodic
process of the onset of synchronization, the phenomenon @fscillators, one needs to detect the formation of a stable limit
synchronization of periodic oscillations has a transparengycle in the joint phase space of the coupled systems. This
geometrical interpretation. Indeed, in the phase space of agan easily be done by analysis of the Lissajous figures ob-
autonomous system the image of the periodic oscillations is gined by direct measurements from the oscillators. The ex-
stable limit cycle. Behavior of a network of coupled peri-  periment enables one to study the onset of synchronized pe-
odic oscillators depends on the parameters of couplinggodic oscillations, despite the complexity of the forms of the
among the oscillators. In the phase space of the network witfimit cycles, and other complicating factors. These advan-
zero couplings, the post-transient oscillations will correspondages of an experimental approach in studies of complicated

to trajectories that fill the surface of a stabladimensional forms of synchronization make it avery powerfu| tool for the
torus. The phenomenon of synchronization among periodiexploration of synchronized chaos.

oscillators is understood as the ability of the network to  |n this paper we employ the experimental results ob-

switch its behavior from quasiperiodic oscillations, associ-served in coupled chaotic circuits to discuss the state of the
ated with aperiodic motions on a stable torus, to periodicart of chaos synchronization. In order to be more specific, we
oscillations, as the strength of the couplings between the ogase the discussions upon the circuits generating smooth
cillators is increased. Therefore, the image of the synchrochaotic waveforms. In Sec. Il we consider an example of
nized periodic oscillations is again a stable limit cycle, butwell-known synchronized chaotic behavior, which is charac-
now this limit cycles is in the joint phase space of the net-+erized by identical chaotic oscillations. Using this example
work of coupled oscillators. we discuss the issues of the existence and stability of syn-
chronized chaotic motions, and mechanisms that are respon-
sible for the onset of chaos synchronization. In Sec. Ill we
discuss experiments with directionally coupled circuits in
The progress in studies of nonlinear dynamical systenwhich synchronization of chaos leads to richer behavior than
that was achieved in the past two decades significantly exhe regime of identical chaotic oscillations. We also discuss
tended the notion of oscillations in nonlinear systems. It wasn experimental approach that we use for studies of these
shown that the post-transient oscillations in dynamical sysforms of synchronization. In Sec. IV we present experimen-
tems can be associated not only with regular behavior suctal results that indicate the possibility of synchronization of
as periodic or quasiperiodic oscillations, but also with cha-chaos with external periodic signals. The specific features of

A. Periodic motions and synchronization

B. Synchronization of chaotic oscillations
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FIG. 1. The diagram of two dissipatively coupled chaotic circuits. The caseare discussed in Appendix B. In the case of mutual coupling,

of directional coupling is shown. In the case of mutual coupling the pointse,,=€,,. In the case of directional coupling,;=0. The

A andB are connected through the resisRy without the OP amplifier. values of coupling parameters are proportional to the con-

ductance of the resistdr,,

chaos synchronization observed in relaxational oscillators 1 \F
are briefly discussed in Sec. V. Appendix A contains a brief 612:50 C
discussion of mechanisms for synchronization of periodic
oscillators. In Appendix B we give details on implementation
of chaotic circuits used in our experiments.

)

It is easy to see that in the six-dimensional phase space
of the systemsg1l), (2) there exists a three-dimensional inte-

gral manifold,
Il. SYNCHRONIZED CHAOS IN FORM OF IDENTICAL X1=Y1, Xe=Ya2, X3TVs- )
OSCILLATIONS The phase space trajectories of the circuits that are located on

the manifold given by(4), correspond to identical oscilla-

chronized chaos where two coupled systems evolve identf—'gnshm bo;h syr?tems. Onebcz?]n ea_s(ljly s_ee,”frorrr]] I(—?ssnd f
cally in time. Synchronized chaotic oscillations of this form (h)’t atvlv dent esy_sterr?s ehave | ﬁntlcahyk,)_t Z be r;vprg
have been studied in detail in the vast literature on the suli'€ CoUPIed system is the same as that exhibited by the ind-

ject. There are two categories of systems where this sort o\f'dual system.s W.'thOUt couphng.. Therefpre, i thg haram-
behavior is usually investigated. The first category include$®"S .Of the CI.I‘CUIIS are chosen_ In aregion associated with
coupled systems that at zero coupling are identical to eac 'hao'tlc behavior, and the mamfo@@l) IS stablle, thgn Fhe
other, and where each display chaotic beha%i&%.When circuits can demonstrate synchronized chaotic oscillations.
the appropriate coupling is introduced, the systems demon-

strate identical oscillations with the onset of synchronization.2, pjssipative coupling

The second category, introduced by Pecora and CarfrHl,
consists of a driving system that exhibits chaotic behavior
and of a response system. The latter replicates a portion
portions of the driving system. The variables that are no
produced in the portion are taken from the driving system a
the driving signals.

In this section we will consider a particular case of syn-

Figure 2 shows the onset of synchronization in the ex-
riment with directional coupling. Due to the use of the
{,mity-gain OP amplifier in the coupling, the response circuit
goes not influence the behavior of the drive circuit, therefore
the chaotic oscillations in the drive circuit do not depend
upon the strength of the coupling; see Fig. 1. In the experi-
A. Synchronization with resistive coupling ment, the inner parameters of the circuits were set to the

Let us consider the dynamics of two identical chaoticvalues where both uncoupled circuits generate chaotic oscil-

circuits coupled to each other with a resistor; see Fig. 1. Thetions, which correspond to the attractors shown in Fig.
details on the implementation and the individual dynamics of(@- Due to the local instability of trajectories of these at-
the circuit are briefly discussed in Appendix B. Usually, two ractors, the oscillations in the uncoupled circuit& )

types of the resistive coupling are considered. The first typ&'€ not correlated. The chaotic oscillations in the drive and in
is mutual coupling. This coupling is provided by connectingthe response circuits can be considered as two identical, but

the similar points of the circuit through a resistor. The seci"dependent, modes of oscillation. When the coupling is in-
ond type is directional coupling, where the same points ardoduced, then the driving mode will tend to suppress the
connected through the resistor and a unity-gain OP amp"ﬁeanorrelated behavior of the initially excited mode of the

The directional dissipative coupling can be considered as §SPONSe circuit. The mechanism of this suppression is the
proportional feedback control. dissipation of energy in the coupling resistor. The difference

between the voltagepx;(t) and x,(t)] induces a current
1. Synchronization manifold though the resistoR.. With a low value of the resistance

- . . R., a higher current is induced in the resistor. Therefore, for
The model describing the dynamics of two coupled |den—,[he same voltage differendec,(t) —x,(t)], the energy dis-
tical circuits presented in Fig. 1 can be written in the form 9 1 N 9y

sipation in the coupling will be larger when the resistance
X1=Xo+ €x1(Y1—X1), has a lower value. If the dissipation is sufficient for suppres-
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FIG. 2. (a) The projection of the chaotic attractor onto the plare, ;). These are measurements from the driving circuit. The projection of the chaotic
attractor on the plangx,(t),y;(t)] are plotted in(b) and (c). (b) Unsynchronized oscillationsR;=1.0 kK); and (c) synchronized chaotic oscillations
(R.=0.2 KQ). The parameter values of the drive and response circuit€geC,~220 nF,C;~C,~332 nF,L;=L,=144.9 mH,r;~r,~348 ) and
R;=R,=4.01 K), a;=a,=22.5.

sion of the inner instabilities in the response circuit, thenfrom the linearized equations for the perturbations transver-
both circuits demonstrate identical chaotic oscillations. Insal to the synchronization manifoldee, for instance, Refs.
this case, time evolution of all variables of the response cir9, 13, 19, and 20 The criterion based on the analysis of
cuit is identical to the time evolution of similar variables of Lyapunov functions for the vector field of perturbations
the drive circuit. Figures ®) and 2c) show the projections transversal to the manifold enables one, in some cases, to
of the chaotic attractors measured in the circuits, with theyrove that all trajectories in the phase space of the coupled
values of coupling taken below and above the threshold fosystems are attracted by the manifold of synchronized mo-
the onset of synchronization. tions. Despite the fact that this criterion guarantees the onset
of synchronization, it is not a general method since there is
3. Chaos synchronization and stability no procedure for constructing the Lyapunov function for an

In order to define the threshold for chaos synchroniza@rPitrary system. In many practical cases, Lyapunov func-
tion, one needs to study the stability of synchronized trajections cannot be found, even for systems that possess a stable
tories as a function of the coupling parameter. Since in oufanifold of synchronized motions for a broad range of pa-
case the synchronized oscillations are chaotic, these trajectf@meters of coupled systems, and of the coupling itself.
ries are always unstable. However, in the analysis of syn- In contrast with Lyapunov functions, the analysis of
chronized chaotic motions one has to distinguish between th§ansversal Lyapunov exponents is quite straightforward and
instability for perturbations tangent to the manifg) and ~ can be easily employed, even for rather complicated systems.
transverse to it. The regime of identical chaotic oscillationsHowever, it has been pointed tit*® that, in practice, the
is stable when the synchronized trajectories are stable for theegativeness of Lyapunov exponents does not always guar-
perturbations in the transverse direction to the synchronizaantee the onset of synchronized motions. Even in the cases
tion manifold (4). where all transversal Lyapunov exponents are negative, there

Two most frequently used criteria for stability of syn- may exist atypical trajectories in the immediate vicinity of
chronized chaotic motions are the Lyapunov function critethe manifold of synchronized motion that depart from the
rion (see, for example, Refs. 15-18&nd the analysis of manifold exponentially fast. The appearance of such trajec-
transversal (conditiona) Lyapunov exponents calculated tories is responsible for destabilization of the synchronized
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chaotic motions. The synchronized chaotic motions becomare known examples where the synchronization of chaos is
unstable, in the sense that vanishing noise in the couplingbserved only within an interval of moderate values of the
and/or internal noise in the coupled systems and/or smalttoupling parameter; see, for example, Ref. 26. This interval
mismatch between the parameters of the systems lead to tloé the parameter values is restricted both from below and
loss of the synchronization and to the bubbling behavior confrom above. The role of coupling in this case is not only to
sidered in Refs. 22, 24, and 25. provide an extra dissipation, but also to change the inner
The applications of the Lyapunov function criteria and properties of the synchronized system in order to provide a
the analysis of transversal Lyapunov exponents for the stebetter interaction between different portions of the system.
b.|I|ty.of the synchronized motlons in the model of coupled B. Stabilization of unstable orbits by means of
circuits (1) and(2) can be found in Ref. 16 It has been also synchronization
shown in the same paper that for strong enough coupling the
synchronized chaos in these circuits is robust. The robustness Considering the case of the directionally coupled circuits
implies that small perturbations of the parameters of the sysPne can notice that the synchronized motions on the mani-
tems lead to small deviations from the identical oscillationsfold (4) correspond not only to identical chaotic motions but
The stability and robustness of synchronized chaotic motiong!so to identical unstable periodic orbits embedded in the
is easily determined in experimental studies. Indeed, due t8ynchronized chaotic attractor. Since the manifold is stable,
the natural noise and small parameter mismatch that are dihe instability of these periodic orbits is caused only by the
ways present in the experiment, the regime of practicallyinstability of the corresponding orbits in the phase space of
identical oscillations is observed only in the case where théhe driving circuit. Therefore, if one takes a waveform
synchronized solutions are stable against transversal pertufip(t) that corresponds to a unstable periodic orbit embed-
bations and robust. Therefore, the experimenta”y obtaineaed in the chaotic attractor of the driving circuit, and drives
Fig. 2c) shows the chaotic attractor located on stable the response circuit with the periodic sigiaj(t), then, due

manifold of synchronized motions. to the stability of the synchronization manifold), the re-
sponse and driving circuit will operate in the stable regime of
4. Mechanism for chaos synchronization identical periodic oscillations.
The onset of the synchronization between chaotic oscil- It is important that when the systems operate in the re-

lators of smooth waveforms differs from the case of periodicdime of identical oscillations the term of the syste@),
oscillation. Unlike the case of synchronization between idenWhich describes the coupling, becomes equal to zero. It
tical periodic oscillators, the synchronization between idenimeans that when the response circuit reaches the desired re-
tical chaotic oscillators is, generally, characterized by a cergime of oscillations, the current through the coupling resistor
tain threshold value of the coupling that is required for the
onset of the synchronization. The reason for the existence of
this threshold value is the local instability of the chaotic

trajectories. In order to achieve synchronization in direction- '

ally coupled circuits, the instability in the response circuit 7

has to be suppressed. In other words, the amplitude of the < i

mode of the oscillations induced in the response circuit by >

the driving has to be sufficient to compete and suppress the |

“independent” mode in the response circuit. In the case of 70 0.0

mutual coupling, the dissipation induced by the coupling ]

causes the onset of the energetically preferred regime of mu- '

tual behavior. Depending upon the parameters of the cou- 2.0 ]

pling, and the nonlinearity and dissipation in the circuits, the £ 00 i

preferred regime of oscillations can be the mode of identical a7

chaotic oscillations, nonidentical stable periodic and quasi- 20 - ]

periodic oscillations, and, even, fixed states. Discussion of 40 . s

the bifurcations in the mutually coupled circuits) and (2) 0.0 100 200 300

that provide the alternations between of these regimes can be ' !

found elsewheré® 06 1 ]
It is clear that in some cases the dissipation of energy in < g:

the coupling between chaotic systems can fail to suppress V@ 0:0

transversal instability. For example, there are system in - o2l ]

which some of the variables do not sufficiently influence the

instability, which is provided by the dynamics associated 0.0 100 . 200 300
with the other variables of the system. In these cases even ime (msec)
infinitely strong dissipation in the coupling that uses the first_,; , example of time seriegy(t), Ya(t), and | ou(t) during the

group of va_riables__ma_y seem incapable of suppressing thgansition to the fixed pointOg after applying the driving at time
transversal instability in coupled systems. Moreover, there,,=12.2 ms.
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R. becomes equal to zero. In practice, due to noise and smatludes the case of nonidentical oscillations, has given in the
deviation of the parameters of the circuits, the system alwaypaper by Afraimovich, Verichev, and RabinovithThis
requires some current through the coupling resistor, but thidefinition is based on the idea of a homeomorphous transfor-
current can be very small. Figure 3 shows an example ofation, which is required for linking the projections of the
transition from chaotic motions to a stabilized fixed point synchronized chaotic trajectories onto phase subspaces of the
after the appropriate driving is applied. In this case, the uneoupled systems. However, this mathematical definition con-
stable fixed point does not belong to the chaotic attractortains a number of conditions that cannot be shown to be
However, since the fixed point is a solution of uncoupledsatisfied in real experiments with nonidentical chaotic sys-
response circuit, the curreht,,, through the coupling resis- tems. Moreover, we believe that in some cases the require-
tor becomes exponentially small after the system approachesent of the homeomorphism between the projections exces-
the fixed point. Details of this experiment can be foundsively restricts the meaning of synchronized motions.
elsewheré’ In this section we will discuss simplified cases of non-
The technique of chaos suppression by driving the sysidentical synchronized chaotic oscillations that are observed
tem with matched periodic signals was studied by Pyrd§as. in directionally coupled circuits with different parameter val-
Due to simplicity of implementation and transparent theoreti-ues. In these cases the dynamics of the driving systems does
cal background, this technique is easily applicable in differ-not depend upon the behavior of the response system, there-
ent experiments; see, for example, Refs. 27 and 28. fore the synchronized oscillations should be related to the
attractor in the driving system.

Ill. GENERALIZED CASES OF SYNCHRONIZED
CHAOS IN DRIVE-RESPONSE SYSTEMS A. The auxiliary system method for detecting
synchronized chaos
In the previous section we considered synchronized cha-

otic oscillations in the form of identical oscillations. In many 1. Synchronization and predictability
recent papers, the onset of identical oscillations is used as a | grder to define a common feature that allows one to
definition of synchronization. It is clear that such an imer'distinguish synchronized behavior, we refer to general cases
pretation of synchronized chaos significantly narrows they synchronized periodic oscillations in drive-response sys-
meaning of this phenomena. Indeed, taking into account thgymg. Despite the complexity of the synchronized periodic
variety of different forms of synchronized behavior in ggcillations, they always satisfy the property that is the abil-
coupled periodic oscillators, one can expect that synchronii-[y to predict the states of the response system from obser-
zation of chaos in the form of identical oscillations is only ayations of the drive system. Due to the stability of the syn-
particular case of synchronized chaos. More general cases fronized motions, the response behavior is not sensible to
the synchronization include the synchronization betweegma| perturbations of the initial conditions of the systems.
chaotic systems with different parameters. In such cases the |t was shown in Ref. 29 that the synchronization be-
synchronized chaotic trajectories are located on a stable syRyeen chaotic driving and response systems can also be de-
chronization manifold, which is no longer a hyperpla#  tected through the analysis of such predictability. The ability
but a more complex geometrical object. In order to distin-y predict the current state of the response system from the
guish these “nontrivial” cases from the cases of identicalchgotic data measured from the driving system can be used
chaotic oscillations, which are usually used in the literatureys 5 definition of synchronized chaos in a generalized sense.
to define synchronized chaos, we call such synchronizatiofhe predictability indicates the existence and stability of a
generalizedsynchronization of chads. chaotic attractor located in the synchronization manifold.
The main difficulty of theoretical analysis of the syn- The pehavior of the system on the manifold is controlled
chronization between different chaotic system is to define @nly by the motions in the phase space of the driving system.
set of common features of the dynamical behavior that will\ote that, in general, the synchronization manifold can have
enable one to clearly distinguish the synchronized chaotig very complicated shape and cannot be detected from
motions from unsynchronized ones. Indeed, depending ogimple observations of its projections, even when the mani-
the coupling parameters, two chaotic system can, generallyg|q js stable. When the systems lose synchronization, the
demonstrate different forms of chaotic, quasiperiodic, an‘briving system does not provide complete control of the be-

can be considered as the onset of periodic synchronizatioResponse system will grow.

However, since the individual behavior of the systems is

chaotic, then these systems can demonstrate synchronized N

chaotic oscillations. In the general case, the synchronized: '€ auxiliary system

chaotic oscillations are different from the chaotic oscillations  In the experiments we use a replica of the response sys-
generated by the uncoupled systems. Therefore, the similarem as a predicting device. This auxiliary system is driven in
ity between the synchronized chaotic attractor and the chahe same way as the response system and has no connection
otic attractors of uncoupled systems cannot be considered agth the response system. Therefore, the regime in which the
a requirement for the synchronized chaos. The first mathauxiliary system is synchronized with the driving system is
ematical definition of the synchronized chaos, which in-stable whenever the response system is synchronized. Note
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————————————————————————— tions, to the analysis of transversal stability for identical cha-
otic oscillations. However, we have to emphasize that the
issues of the robustness, which are briefly discussed in Sec.

To demonstrate the generalized synchronization of chaos
in an experiment with electronic circuits, we built two almost
identical electronic circuits that were driven by a chaotic
signal from a third circuit. The circuit diagram of the experi-
ment is shown in Fig. 4. The chaotic signal generated by the
drive circuit was applied to both the response and the auxil-
iary circuits through the resistoiR.. The strength of the
coupling was controlled by the values Bf in each circuit.
This was adjusted to have the same value for both circuits. In
FIG. 4. The circuit diagram of the experiment with driving, response, andthe experiment we tuned the parameters of the drive circuit
auxiliary nonlinear electrical circuits. The parameters values of the drivetg correspond to the regime of chaotic oscillations. This at-
circuit are set to b€, =230 nF,C,~337 nF.L,;~140 mH,r;~334Q,and  ractor js shown in Fig. @). The parameters of the response
R;~4.21 K). The parameter values of the response and auxiliary cwcwtsand the auxiliary circuits were tuned to values, which, with-
areC;~225 nF,C,~342 nF,L,~145 mH,r,~348(), andR,~4.97 K). . A ’

out coupling, namelyR.—, lead these circuits to generate

chaotic oscillations corresponding to the attractor shown in
that both response and auxiliary systems may be synchrd-ig. 5b).
nized to the driving system in the generalized sense. In this Synchronization of the chaotic oscillations was observed
regime due to the identity between the parameters of thér values of the coupling witlR.<63Q). It was easily
response and auxiliary systems they demonstrate identicdetected with the analysis of the projections of the synchro-
oscillations. Therefore, the auxiliary system can be considnization manifold onto the planey{,z;) and {y3,z3). For
ered as the ideal predictor that is able to indicate the currerthe synchronized oscillations, the trajectory is projected into
state of the response system by processing the driving signahe diagonaly,=z; andy;=2z; on these planes. These iden-
At the same time, these identical chaotic oscillations can béties guarantee the identity of the currenig(t)=J,(t),
easily detected. The onset of identical chaotic oscillations irwhich one can see in Fig. 4. Synchronized behavior, ob-
response and auxiliary systems in the presence of small noiserved withR,=604(), is shown in Fig. 6. The synchronized
and parameter mismatdwhich are unavoidable in the ex- chaotic attractor measured in the response circuit is presented
periment$ guarantees the stability of the synchronizationin Fig. 6(@). The fact of the synchronization is confirmed by
manifold, and therefore guarantees synchronization betweehe stability of the “diagonal manifold” in the state space of
the driving and response systeffls. response-auxiliary system[see Fig. @)], from which the

The auxiliary system approach can also be useful fostability of the manifold of synchronized motions in the
theoretical analysis of the generalized synchronization ophase space darive+responsesystem follows. Looking at
chaos. This approach enables one to reduce the study of thiee projections of the synchronized chaotic attractors onto
transversal stability of very complicated synchronized mo-the plane of the variables{,y;) and (3,y3), it becomes

------------------------- E R, | _ _ _

i ; : ’ : II, are crucial for this analysis.
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FIG. 5. The experimentally measured chaotic attractors of the uncoupled(driaad responsé) circuits. The parameters in the nonlinear converi¢is
the drive isa~22.85, and in the response itas~24.62. The attractors in the two systems are not the same, as the systems are different.
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FIG. 6. The projections of synchronizéa)—(c) and unsynchronize(t) chaotic motions measured wifk,= 604 () andR.=731(), respectively. Sampling
rate 20us. (a) The synchronized chaotic attractor measured in the response cilpulthe projection of the chaotic motions onto the plane of the variables
(y3,z3) measured from response and auxiliary circuit3. The projection of the chaotic motions onto the plane of the variablgs<¢) measured from
response and driving circuit&) The projection of the chaotic motions onto the plane of the varialylgz{) measured from response and auxiliary circuits.

clear that oscillations in the driving and response circuits are
not identical, see Fig.(6). Therefore, these circuits are syn-
chronized in the generalized sense.

Unsynchronized chaotic oscillations, measured with
R.=731Q, are shown in Fig. @). The projection of these
chaotic oscillations onto the plang4,z;) clearly indicates
that these oscillations are not synchronized. Indeed, one can
see that trajectory frequently leaves the close vicinity of the
synchronization manifold. This means that the manifold is
transversely unstable.

C. Synchronized chaos in systems with different
frequencies

In this section we present an example of synchronized
chaos in which the coupled systems exhibit oscillations with
distinct characteristic frequencies. The circuit diagram of the
experiment is shown in Fig. 7. The synchronizing signal
X41(t) from the driving circuit is applied to the response cir-
cuit, where it is mixed with the signalf[y,(t)].

To explore the generalized synchronization of chaos
with frequency ratio 1:2, in the experiment we set the param-

x(t) E ;

OP amp
gx{0
§ ]
oy )+gx, 2 1(0 a flz Jrex,
i Ra i %2
: y3(tl) za(tz
TG O TG iT% WO TS
Response Circuit ! Auxiliary Circuit

eters of the circuits to the values shown in the Fig 7 captionF'G' 7. The diagram of the experimental setup. The parameters values of the

Values of the control parameters, for the nonlinear con-
verters in the driving and response circuits werg=22.86

and a,=14.0, respectively. As the coupling parameter wer,~4.32 k2.
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drive circuit are set to beC;=221 nF, C;~336 nF, L;~144 mH,
r;~358 (), andR;~4.69 K). The parameter values of the response and
auxiliary circuits areC5~105 nF,C,~160 nF,L,~75 mH,r,~161(Q, and
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FIG. 8. The projections of the chaotic attractors measured in uncoupled circuits with sampling ratd&dx, ,x3) projection of the attractor in the driving
circuit. (b) (y1,y3) projection of the attractor in the response circgis 0.

use the amplificationg, of the driving signalx,(t), in the
voltage mixtures af[y,(t)]+gx(t) and «f[zy(t)]
+ gx4(t); see Fig. 7.

are generated with different characteristic frequencies. The
response circuit oscillates twice as fast as the driving circuit.
The attractor in the auxiliary circuit looks exactly the same
1. Synchronized chaos as the attractor in the response circuit shown in F{h),&ut

The chaotic attractors measured from the driving circuitth® oscillations between the auxiliary and response circuits
and the response circuit without driving#0) are shown in ~ Without driving are not correlated. S
Figs. 8a) and 8b), respectively. Despite the similarity of the Let us consider the synchronized chaotic oscillations that
shapes of the chaotic attractors the oscillations in the circuitwere observed witlg=2.0. Different projections of the syn-
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FIG. 9. The projections of synchronized chaotic motions measuredgwith0. Sampling rate 2@s. (a) The projection of the chaotic motions onto the plane
of the variables ¥, ,z;) measured from response and auxiliary circuis. The projection of the chaotic motions onto the plane of the variablesx()
measured from response and driving circuit3.The synchronized chaotic attractor measured in the response didiuitie Lissajous figure of the unstable
period-1 orbit retrieved from the chaotic data.
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10' circuits are phase locked with the same frequency ratio
wgyl ,=3, wherewy and w, are the main frequencies of the
orbits in driving and response circuits. Figur@pgshows the
Lissajous figure for the simplest unstable periodic orbit
(period-J retrieved from the experimental chaotic data. One
y . can see that moving along the period-1 orbit the response
B system makes two rotations while the driving system makes
only one. Similar Lissajous figures were found for other un-
stable periodic orbits embedded in the synchronized chaotic
attractor. From this analysis it is reasonable to assume that
) the transition to synchronized chaos is accompanied by
w0 L i phase locking of pairs of unstable limit cycles existing in the
chaotic attractors of uncoupled driving and response sys-
tems. Of course, we cannot demonstrate experimentally that
all pairs of saddle periodic orbits in driving and response
circuits are phase locked when the chaotic oscillations in the
- circuits are synchronized. However, this seems quite plau-
6000 . . . .
sible and this phase locking can be considered as the mecha-

nism of the onset of synchronized chaos. Since in our experi-
ment the synchronization of periodic orbits is characterized
by the frequencies ratio 1:2 this ratio can be considered as a
characteristic of the synchronized chaotic oscillations.
chronized chaotic attractor are shown in Fig. 9. The fact tha
the driving and response circuits are synchronized follow
from the identity of chaotic oscillations measured from the In this section we briefly discuss phenomenon of regu-
auxiliary and response circuits; see Figa)9 For the same larization by chaotic driving, which is observed in direction-
oscillations, the projection of the synchronized motions ontaally coupled chaotic systems synchronized with frequency
the plane of variables of the drive and response circuits has @tio 2:1. The essence of this phenomena is that the behavior
rather complicated form, which is shown in Figlb® The  of the chaotic system driven by another chaotic system be-
synchronized attractor measured in the response circuit ditomes more regular than it was in either of these two sys-
fers from the attractor of the driving circuit; compare Fig. tems when they were uncoupled. In order to achieve chaos
8(a) and Fig. 9c). synchronization with frequency ratio 2:1 we use the same

The frequency spectra of the signalgt) andy,(t) are  experimental setup as shown in Fig. 7, but the parameters of

shown in Fig. 10. From these figures one can easily see thge drive, response and auxiliary systems are set to be
the synchronized oscillations in drive and response cwcwtgizlofg nF, C;~160 nF,L,;~75 mH, r;~162 Q, and

Magnitude

0 2000

Magnitude

4000
Frequency [Hz]

0 2000

FIG. 10. (a) The spectrum of the driving signal;(t). (b) The spectrum of
the signal,y,(t), measured from the synchronized response circuit.

. Regularization by chaotic driving

have different characteristic frequencies.

2. Synchronization of unstable periodic orbits

R;~4.32 K). The parameters values of the response and
auxiliary circuits areC,~224 nF, C,~340 nF, L,~145
mH, r,~357 ), and R,~4.69 K). Values of the control

We found that the pairs of unstable periodic orbits em-parameterse, for the nonlinear converters in driving and
bedded in the chaotic attractors of the driving and responseesponse circuits are;~14 anda,~21.4. Chaotic oscilla-
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FIG. 11. The projections of the chaotic attractors measured in uncoupled circuits with sampling giaté2(x, ,X3) projection of the attractor in the driving
circuit. (b) (y,1,y3) projection of the attractor in the response circgit 0.
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and response circuifgight). The parameters of the coupling ge and(b) g=2.0, (c) and(d) g=1.6, (¢) and(f) g=0.5.

tions in uncoupled circuitsg=0) correspond to attractors both the uncoupled response circuit and the driving circuit.
shown in Fig. 11. In this case the driving circuit oscillates The fact of the regularization is also confirmed by analysis of

twice as fast as the response circuit. spectra of chaotic signals; see Fig. 13.
Studying this regime of synchronized oscillations, we
1. Synchronization and regularization found that regularization is typical within the synchroniza-

When the coupling parameter is set to the valuetion zone With. fre.quency ratio 2:1. A naive lexplanation for
g=2.0, we observe synchronized chaotic oscillations withchaos regularization observed in the experiment can be the
frequency ratio 2:1. The fact of the onset of synchronizatiorfollowing. The chaotic driving signak,(t) contains dc and
was detected via analysis of oscillations in the auxiliary and?€riodic components; see Fig.(al These components can
response circuits. The projections of the synchronized cha?€ considered as additional parameters of the response cir-
otic attractor are presented in Figs(d2and 12Zb). Compar-  cuit. The values of these parameters are proportional to the
ing this synchronized chaotic attractdfig. 12a)] with the  value of coupling parametgy. When the coupling is strong
attractors of the uncoupled circuitSig. 11), one can see that enough these parameters change the dynamics of the re-
synchronized chaotic oscillations are more regular than irsponse circuit toward a regime of stable periodic motion. If

CHAOS, Vol. 6, No. 3, 1996



Nikolai F. Rulkov: Images of synchronized chaos 273

Due to the low-dimensionality of the chaotic attractor in
the phase space of the driving system, the attractor can be
considered as a closed band of the trajectories flow. During
one rotation along the attractor this band increases its width,
because of local instability of the trajectories, and then, the
band folds to fit the initial width. Since the response circuit is
synchronized with the frequency ratio 2:1, the band of the
chaotic attractor in the response system is subject to double
folding. As the result of the double folding the trajectories of
the attractor in the response system are more twisted than it
is in the driving system. We believe that regularization in the
synchronized response system is associated with this mul-
tiple folding induced by the topology of the fast driving at-
tractor. However, in order to support this statement more
detailed numerical studies have to be done.

2. Auxiliary system and multistability

Frequency [Hz] When the value of coupling parametgrdecreases, we
observe “period doubling bifurcations” associated with syn-
FIG. 13. () The spectrum of the driving signaly(t). (b) The spectrum of  chronizedchaoticmotions; see Figs. 18), 12(c), and 12e).
the signal,y,(t), measured from the uncoupled response ciraitshed  After the first period doubling bifurcation the response cir-
line) and the synchronized response circuit wgth 2.0 (solid line). cuit has two regimes of synchronized motions. In the phase
space of the response system both regimes correspond to the
same attractofsee Fig. 1&)]. The only difference between
this periodic motions is a “strong” attractor, then irregular these regimes is the “phase” of the synchronized oscilla-
components of the driving signal will be substantially sup-tions. These regimes of oscillations can be distinguished by
pressed in the response system. However, despite the fatieans of an auxiliary system. In the phase space of
that such changes in the response circuit are responsible foesponse-auxiliary systems, these synchronized oscillations
the onset of synchronization, this naive explanation cannotorrespond to different attractors. Figure(d)2shows the
account for regularization by chaos observed in our experiprojections of these synchronized attractors onto the plane of
ment. First, the amplitude of chaotic component of the driv-variables of the response and auxiliary circuits. “In-phase”
ing signal is also proportional to the value of coupling pa-motions (shown by dots correspond to the trajectories lo-
rameter. Second, comparing the values of dc componentsated on the diagonal; see Fig.(dR The trajectories of
and the amplitudes of periodic components in the driving‘out-of-phase” oscillations are shown by a dashed line. This
signals of this experimertsee Fig. 1{a)] and the experi- example illustrates that the onset of identical oscillations in
ment of synchronization with the frequency ratio Is2e auxiliary and response systems is sufficient, but not neces-
Fig. 8@)] one can see that these parameters of the drivingary condition for chaos synchronization between drive and
signals are almost the same in both cases. However, in thresponse systems.
case of chaos synchronization with frequency ratio 1:2, the The transition from “period-1"[Fig. 12@)] to “period-
phenomena of regularization by chaos is not observed?” [Fig. 12c)] motions occurs not at a bifurcation point but
Therefore, these experiments indicate that relation betweewithin a certain interval of the coupling parameter values
characteristic frequencies of driving and response systems ighere the intermittent behavior is observed. This intermit-
crucial for such regularization. tency is characterized by switching the “phases” of synchro-
nized “period-2" motions. From the viewpoint of predict-
ability these intermittent chaotic oscillations are not
synchronized. Outside this interval of the parameter values,
the trajectories flows of the “period-2” attractor are well

i afly yu (| separated, and the behavior of the response circuit can again
Py N Ve b .
: |> ; e predicted.
: ofly,) R ‘3 In the experiment we clearly detect two consequent pe-
Generator of : L, . ; 2 . : . . - .
o i 2 © | riod doubling bifurcations from the chaotic motions. Every
Periodic Signals | u, (0 6._66 A ¥ ; such bifurcation doubles number of coexisting synchronized
TS o TS chaotic attractors in the phase space of response-auxiliary
P Chaotic Cireui = | systems. After destabilization of “period-4" motions the re-
P aomm‘m sponse system forms chaotic attractor presented in Fig.
12(e). This attractor is characterized by the intermittency that
FIG. 14. The diagram of the experimental setup. is caused by “phase” switching within the synchronized
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FIG. 15. The images of periodically synchronized and unsynchronized chaotic oscillations. Synchronized attractors are(ghama(@. Unsynchronized
attractors are shown ith) and(d). Intersections of the trajectories with the Poincarass sections are shown by plugegght dot$ against the background
of the attractor projections, which are plotted by small dots. The parameters of the external driviagA€304 mV, ®=1.155 kHz;(b) A=304 mV,
®=1.169 kHz;(c) A=304 mV,d=1.727 kHz;(d) A=304 mV,d=1.723 kHz.

chaotic set. Due to this switching the behavior of the re-values as the parameters of the driving circuit shown in Fig.

sponse systems cannot be predicted; see Fig).12 7. As a result, the uncoupled response cir¢uiith A=0)
generates the chaotic oscillations that correspond to the at-

IV. SYNCHRONIZATION OF CHAOS BY PERIODIC tractor shown in Fig. &).

SIGNALS

A. Phase locked chaotic attractors

As was |ndlcated_|n the previous section, the onget of We consider two examples of “synchronized” chaotic
synchronized chaos is accompanied by phase locking of . ~ . ) I
scillations. In the first example the oscillations are synchro-

pairs of periodic orbits embedded in the chaotic attractors of"

driving and response systems. This phase locking betwee'?llzed with frequency ratio 1:1. In the second, the frequency

the periodic orbits can be considered as a possible bifurca{gt'o s 2:3. The chaquc attractors measured !n3|de and out-
tion scenario for the transition from nonsynchronized chaoticSIde the synchronlzauor_\ Z0one are ShO_WH in Fig. 15. In order
oscillations to synchronized chaos. The phase locking of® Study the phase locking, the experimentally measured at-
saddle periodic orbits can also be used to “synchronize” thd"actors were examined on the cross sections conditioned by
chaotic oscillations to an external periodic signal. This “syn-the period of the external driving. In the plots of the attrac-
chronized” chaotic behavior can be achieved if the externafOrs. the intersections of the trajectory with such Poincare
periodic signal can provide phase locking for the periodicCroSs sections are marked by small pluses. In order to see
orbits embedded in the chaotic attractor of autonomous sydvhere these intersections are located on the attractor, we plot
tem. these stroboscopic observations against the background of
In order to demonstrate this type of synchronized behavthe projection of the attractor shown by small dots. Compar-
ior we will consider an experiment where the response ciring the attractor in Fig. 1®) with the attractor in Fig. 1%),
cuit is driven by a periodic signalg(t) =A sin(27®t). The  one can see that the chaotic oscillations of the first attractor
circuit diagram of the experiment is shown in Fig. 14. In theare phase locked with the external periodic signal. Indeed, all
experiment the signaliy(t) is added to the signakf(y), intersections of the trajectory of the phase locked attractor
which is produced by the nonlinear convertérThe param- are located in a narrow domain on the top of the attractor
eters of the response circuit are selected to have the samsee Fig. 18)], and the attractor itself looks very similar to
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FIG. 16. (a) Projection of a stable periodic motion appeared inside the synchronization&sriel V, ® =1.723 kHz.(b) The Poincareross section of the
unsynchronized chaotic attractor appeared after the periodic motion becomes udstablg? V, ®=1.723 kHz.

the chaotic attractor observed in the unperturbed syster@. Chaos suppression
[compare Figs. & and 1%a)]. When the parameters of the
driving signal are taken outside the synchronization zone, th?or i
points of the intersections are scattered all over the chaoti
attractor; see Fig. 16). Qualitatively similar transitions be-
tween the periodically “synchronized” and “nonsynchro-
nized” chaotic oscillations are observed in the second ex
ample, which is presented in Figs.(tband 1%d).

Inside the synchronization zone the phase locked attrac-
s subject to bifurcations that can lead to the onset of
Stable periodic motions. For example, when the amplitude of
driving increases, the circuit demonstrates the inverse se-
quence of the period doubling bifurcations from the phase
Tocked chaotic attractor shown in Fig. &k These bifurca-
tions lead to the formation of different stable periodic orbits.
One of these periodic orbits is presented in Fig@lL6The

B. Chaotic and periodic orbits onset of stable periodic oscillations in the chaotic system can
Pe considered as a mechanism for chaos suppression. In our

Let us discuss a mechanism that explains this type o h . ¢ stabl iodi lati ‘< ob q
synchronization of chaotic oscillations. Since a chaotic at£ase, the regime of stable periodic osciiialions 1S observe

tractor contains an infinite number of saddle periodic orbitsWlthln a certain interval of the amplitude valudsWhen the

the motion of the system along the chaotic trajectory can bgrlvmg becomes too strong the periodic m°“°’.‘ loses th?
tability and the system switches to unsynchronized chaotic

considered as switching between nearest saddle periodic T : .
bits. Therefore, the set of unstable periodic orbits forms (;behawor. The cross section of the attractor that corresponds
’ to this nonsynchronized behavior is shown in Fig(th6

“skeleton” of the chaotic attractor and define time charac- : . :
The suppression of chaos in dynamical systems by

teristics of the chaotic oscillations. External periodic forcing L oo
geans of external periodic forcing is a well-known phenom-

periodic orbits. When this “skeleton” becomes phase Iockeae:joﬂ' see, for ex_zm(;als, I?hefs. 31135]; Lisg?lly th_e Zyppreﬁlsion
with the periodic forcing, the chaotic trajectory switches be-O! CNA0S 1S provided Dy the onset of stable periodic oscilla-

tween phase locked saddle periodic orbits. A well-knowntions' The possibility of the appearance of stable periodic

example of a chaotic attractor that contains the periodi(fm.)tlons in the phase space of the driven system is not sur-

“skeleton,” whose phases are related to the phase of exte'prlsipg. Indeed, any static or periodic influence applied to a
nal periodic signal, is the chaotic attractor in the periodicallynonl'ne"’lr system changes the parameters of the system.

driven Duffing’s equation. In other words, the qualitative When parameters of a chaotic system change the system

difference between the nonsynchronized and periodicall)goes through various bifurcations. In many cases these bifur-

“synchronized” chaotic oscillations is the same as betweencat'on sequences are characterized by alternation of chaotic

low-dimensional chaotic oscillations in an autonomous sysf'md periadic regimes_of o_sci_llations. By s_ele(_:ting the param-
tem and the chaotic oscillations appearing due to a periodigterS of external_forcmg inside a periodic window, one can
driving of a two-dimensional nonlinear system, which is notSUPPress chaos in the system.

a self-excited oscillator.

In the type of synchronization considered, the periodicv' THRESHOLD SYNCHRONIZATION
forcing is needed only for locking the phases of the periodic  In this paper we have illustrated only the regimes of
orbits, but not for suppression of the instability. Due to thissynchronized chaos that we observed in the coupled oscilla-
fact, such synchronization does not require large forcing amtors of smooth waveforms. It is clear that these regimes do
plitude. The existence of certain threshold value of the amnot capture all possible forms of synchronized chaos. For
plitude for this type of synchronization is caused, mainly, byinstance, a different form of synchronized chaotic oscilla-
the spread of the main frequencies of the saddle perioditions is observed in coupled relaxation oscillators. This type
orbits embedded in the synchronizing attractor. of chaos synchronization has a more transparent mechanism,
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and its dynamical features are different from the cases corlations. We believe that the idea of phase locking between
sidered here. The nonlinear theory of synchronization besaddle periodic orbits can be useful for building a general
tween periodic relaxation oscillators was intensively studiedramework for synchronized chaotic oscillations.

in applications to electronic systeffis®® and in biological In all examples of synchronized chaos considered in this
systems; see, for example, Refs. 39 and 40 and referencpaper, the interacting systems are physically separated. It is
therein. The ability of relaxation oscillators to demonstrateobvious that the phenomenon of synchronization can take
individual chaotic dynamics was shown in many papers; seglace in the high-dimensional systems in which this separa-
for example, Refs. 41 and 42. The theoretical studies of théon is not clear. There are many known examples where the
onset of synchronized chaotic pulsations and experimentdbw-dimensional chaotic attractor appears in a system with
observations of synchronization between chaotic relaxatiohigh-dimensional phase space. This low-dimensional behav-
circuits can be found in the papéfs* 1t was experimentally  ior of the system can also be explained by synchronization
demonstrated in the paf&that the synchronization and sup- between different portions of the system. Due to this syn-
pression of chaos in relaxation oscillators can be provided bghronization a small portion of the system can be considered
external pulses. It was shown that there are chaotic relaxatiosms a driving subsystem, while the other part of the system
oscillators that can, theoretically, be synchronized by a seeperates as a synchronized response subsystem. It is clear
guence of external pulses of arbitrary small amplitude. Othat the partition of the system into the synchronized sub-
course, this sequence of pulses has to be perfectly matchedsgstems may be a very difficult problem. We believe that
a chaotic or an unstable periodic regimes of pulsations in theetailed studies of typical routes of the onset of synchronized
unperturbed oscillator. This indicates the difference in feachaos will give a background not only for detection of chaos
tures of the chaos synchronization between this class of resynchronization but also for the partitioning of high-
laxation oscillators and the oscillators of smooth waveformsdimensional systems.
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the variety of different forms of chaos synchronization.

Since the general framework for the phenomenon of syn-
chronization of chaotic oscillations is not available, we re-APPENDIX A: MECHANISMS FOR SYNCHRONIZATION
stricted our considerations to the case of identical chaoti®™ PERIODIC OSCILLATIONS
oscillations, and the cases of synchronized chaos in drive- In this appendix we discuss basic principles of synchro-
response systems. In the case of identical chaotic oscillarization of periodic oscillators by external periodic signals.
tions, the synchronized chaotic attractor has a rather simpl
image. In the phase space of the coupled systems, the traje
tories of this attractor are located on the integral manifold, At first, we consider the mechanism for synchronization
which has the form of a hyperplane. in relaxation oscillators. Being a dissipative system, a relax-

The cases of drive-response systems are simplified in thation oscillator contains a positive feedback or negative re-
sense that the motions on the synchronized chaotic attractgistance that destabilizes static states. It also has a nonlinear
are related to the motions on the attractor in the phase spaeéement and a time defined element. The nonlinear element
of the driving system. To study the onset of chaos synchrodefines a threshold level and determines the amplitude of
nization in these systems we use the fact of stable predicgenerated pulsations. The time interval between the pulsa-
ability of the response behavior from the driving chaotic sig-tions is controlled by the time defined element. This element
nal. Using the auxiliary system as the predicting device, wesets the time that is required by the system to recover from
reduce the problem of the investigation of complex synchroprevious firing and to become ready for the next firing. Dur-
nized trajectories in the phase space of the drive-responseg the recovery phase the system ‘“slowly” approaches a
system to the analyses of stability and robustness of identicghreshold level where it fires by itself; see Fig.(47 Imme-
oscillations in response-auxiliary systems. diately before the threshold state the system is extremely

Analysis of chaotic signals measured from synchronizedsensitive to small external perturbations, which may cause
systems indicates phase locking between saddle periodic athe firing. Therefore, if small external pulses appear at the
bits embedded in the chaotic attractor in the phase space tifnes when they are able to push the system through the
the driving system, and the saddle periodic orbits in the synthreshold level, the firings will be in synchrony with the
chronized attractor in the phase space of the response systepulses; see Fig. 1B). In addition to this, these external
It seems plausible that such phase locking between the paimilses change the period of the relaxation oscillations by
of saddle periodic orbits in the coupled system is a bifurcashortening the process of slow evolution. It is clear that the
tion mechanism for the onset of synchronized chaotic oscilsynchronization with external pulses of small amplitude can

. Threshold synchronization

CHAOS, Vol. 6, No. 3, 1996



Nikolai F. Rulkov: Images of synchronized chaos 277

Y =
2z V¥
£
D Y(t)
£
5
L1 U
.- ©
A ! E
. \.\\ ’?‘ A 3 /threshold
& el s
;0 \y' -~
Y X®
L POINCARE POINCARE
5\0‘l CROSS SECTION (a) CROSS SECTION (b)
(a)
T
Y
1 2t 5P AN
£ Y@ 2
5! /
£
5!
21 g / V l/‘ l/ l/
ATl e
K threshold
o ﬁ ] I 1 (4 1
TR £ POINCARE POINCARE
; CROSS SECTION CROSS SECTION d)
Xy (© (
pulse /external pulses i
X I || N ! | FIG. 18. Fragments of tori, periodic motions, and their Poincaoss sec-
(b) tions illustrating two mechanisms for the onset of synchronized periodic

oscillators. The trajectories on the Poincaress sections are sketched out
by thick curves. Synchronized periodic motion is markedry. (a), (b),

) o _ ) and (c) illustrate the transition from synchronized to unsynchronized oscil-
autonomous(@ and a synchronizedb) periodic relaxation oscillator(a) lations in a system with weak periodic driving. The transition from synchro-
Fast and slow motions along the stable limit cyeleorrespond to the firing ;e oscillations that correspond to stable periodic moBgron the torus
and recovering, respectlvely. Transitions frqm slow to fast motlon_s occur aEa) to the quasiperiodic motiors) due to the tangential bifurcation associ-
the threshold point(b) The external pulses interrupt the slow motions and 404 with stablePs and unstablé®,, periodic motions. These periodic mo-
induce firing. When the period of the external pulses is a little less than th ions merge with each othéb) and then disappedc). The onset of syn-
time interval of slow motions, and the amplitude of the pulses is sufficient ©chronization caused by strong periodic driving is illustrated by the transition

push the system through the threshold, then the external pulses synchronlﬁ%m (©) to (d). The torus merges into the unstable periodic mofen(c)
the firings.SP is the image of the synchronized periodic oscillations. and as a result, the periodic motion becomes stéble

FIG. 17. Sketches of phase portraiteft) and waveforms(right) of an

be achieved only if the period of these pulses is related to th#1e existence of a band of resonant frequencies, the charac-

duration of the recovering process. However, mention shoulderistic frequencies of this mode change with a small varia-

be made that, in some cases, the external driving can signifiion of the parameters of the oscillator.

cantly influence the initial conditions and/or the dynamics of ~ An external periodic forcing applied to the oscillator will

the recovering process. periodically modulate the “environment” in which the in-
trinsic mode of oscillations lives. As a result of this modu-
lation, the nonlinearity and dissipation will again tend to

2. Synchronization and beats change the intrinsic mode of oscillations to a mode that is

Synchronization in generators of smooth waveform preferred energetically. A significant role in this process can
mainly results from the action of dissipative forces. To iIIus—sb y played by resonance betwe.en the perturbations and the

o o o e mode. Therefore, the frequencies of the mode tend to be-
tratg th? .synchron!za.\tlon of periodic oscﬂlaﬂgns, we wil US€ come related to the frequencies of external forcing. If the
a simplified description of the synchronization mechanism

. R L . perturbations introduced by the external forcing are not suf-
Being a dissipative system, any generator of periodic oscilz

. _ " . . ficient for the proper change of the intrinsic mode, then the
lations contains a positive feedback or negative resstancg36

. . . stem will be out of synchronization and will demonstrate
that destabilizes stationary states, and a nonlinear elemea asiperiodic oscillations that are known as beats. In the
th?t c?ntrols t.lr;et am.phzﬁde of th? oscflllauontsr; Unhk;a thephase space of the system these quasiperiodic oscillations
relaxation osciiator, in the generator ol Smooth wave Ormst:orrespond to the unlocked trajectories on the stable torus;
the frequency of the oscillations is usually defined by a resog.qo Fig. 160)

nant element. Due to dissipation, the resonant element reso- ' '

nates within a certain frequency band. The nonlinearity and ]

dissipation in the system select a particular form of periodic® Veak forcing

oscillations(mode. The stability of this mode indicates that There are two well-known mechanisms that describe
this mode is preferred energetically and, therefore, the modehange of the intrinsic mode of oscillations. One of these
corresponds to a minimum of the energy functional. Due tanechanisms is self-tuning of the frequencies of the unper-
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turbed intrinsic mode. This self-tuning is caused by dissipa-

tive forces, therefore it is directed toward one of the minima |_

of the energy functional. Being an integral characteristic this —

functional depends upon the phase relation between the «—t

mode and the perturbations induced by the external signal. Input OP1 OP2

As a result of it, this dependence has a periodic structure. RGN Output

Due to this periodicity, a stable mode of locked frequencies
always appears together with an unstable mode of locked
frequencies. In the phase space of the oscillator, this case
corresponds to the formation of stable and unstable periodic
motions on a torus; see Figs.(@8-18c). This mechanism is =
typical for external forcing with small amplitude. In order to

achieve synchronization with small amplitude, the frequen-

cies induced by the forcing have to be very close to reso-

nance with the frequencies of the unperturbed mode of os- =  Rn4 RnS

cillations. It is clear that the amplitude of perturbations

required for locking depends on how much the spectrum ofIG. 19. The diagram of the nonlinear converteRnl1=2.7 kQ,

the inner mode has to be changed in order to provide a resn2=Rmn4=7.4 k2, Rn3=100, Rn5=186 K, Rn6=2 k(). The diodes
nance with the perturbations induced by the external forcing 7.°2 % 610 INe145 e, The oberatons arplers 001 and O
Therefore, when the frequencies of the perturbations are igpe.

resonance with frequencies of an unperturbed intrinsic mode,

then the amplitude of the external forcing that is sufficient

for locking can be infinitely small. Of course, this is correct @, the circuit can generate various regimes of periodic and

only for the synchronization of stable periodic oscillations inchaotic oscillations. It can be easily shown that dynamics of
systems without noise. the circuit is described by the following system of differen-

tial equations:

Rnl o f(X)n

B. Strong forcing X1=Xo,

The second mechanism for the change of the intrinsic
mode is the competition between the inner and induced
modes excited in the oscillator. Due to nonlinearity and dis-  x3= [ af(X;) —X3]— oX,.
ipation one m f oscillation rong dissipation . .
sipation one mode of oscillations causes strong diss patoxl(t) is the voltage across the capacitoC,

for the other modes. As a result of this competition the stron-xz(t): JITC3(t), with J(t) the current through the inductor

gest mode will tend to eliminate the other modes. ThisL x3(t) is the voltage across the capaciidf. Time has
mechanism is observed for forcing of large amplitude. In thisbée: scaled by j/,L_Cg The parameterspof this. system have
case the independent intrinsic mode simply disappears. Thﬁe following dependénce on the physical values of the cir-

mechanism can also be distinguished from the viewpoint of " = = - ,
bifurcation theory. It is characterized by the merging of thecu't elementsty=yLC/RC', §=ryC/L ando=C/C".

torus into unstable periodic motion; see Figs.(cl8and
18(d). As the result of this bifurcation, the torus disappears

Xp=—X1~ 8%+ X3, (BY)

and the periodic motion becomes stable. 05 ' T L '

APPENDIX B: IMPLEMENTATION OF THE CIRCUIT 03 - i
In order to study chaos synchronization in experiments,

we employ electronic circuits whose individual dynamics are

known to be chaotic. The chaotic circuit consists of a non- — 017 i

linear converteMN and linear feedback; see the diagram of ;}

the driving circuit in Fig. 1. Chaotic circuits of such archi- 01+ |

tecture was studied by Dmitriest al*® In our experiments
we used a nonlinear converter whose diagram is shown in
Fig. 19. The converter transforms input voltagento an 03 }+ -
output, which has nonlinear dependendd x) on the input.
The parameterr stands for the gain of the converter at
x=0. The shape of the nonlinearity produced by the con- 05 : S L— ' :
verter,N, is shown in Fig. 20. 20 1.0 (;0 10 20

The linear feedback contains the low pass filtBQ()
and the_ resonant circui.C. Depending on the parameters g, 20. The shape of the nonlinear functibfx) measured in the experi-
of the linear feedback and the parameter of the nonlinearityment.

CHAOS, Vol. 6, No. 3, 1996



Nikolai F. Rulkov: Images of synchronized chaos 279

1B. van der Pol, “Forced oscillations in a circuit with non-linear resis- 2°E. Ott and J. C. Sommerer, “Blowout bifurcations: The occurrence of
tance,” Philos. Mag3, 65—-80(1927). riddled basins and on-off intermittency,” Phys. Lett. 88 39-47
2A. A. Andronov and A. A. Witt, “Zur theorie des mitnehmens von van  (1994.

der Pol,” Atch. Elektrotech16(4), 280—288(1930 [also see A. A. An-  2*R. Brown, N. F. Rulkov, and N. B. Tufillaro, “Synchronization of chaotic

dronov, Sobranie TrudoyMoscow, 1956, pp. 51-6dn Russian]. systems: The effects of additive noise and drift in the dynamics of the
3V. I. Amnold, Mathematical Methods of Classical Mechani@pringer- driving,” Phys. Rev. E50, 4488—-45081994).

Verlag, Berlin, 1974 25J. F. Heagy, T. L. Carroll, and L. M. Pecora, “Desynchronization by
4M. I. Rabinovich and D. I. Trubetskovntroduction to the Theory of periodic orbits,” Phys. Rev. 52, R1253-R12561995.

Oscillations and Wave&luwer, Amsterdam, 1989 26K Pyragas, “Continuous control of chaos by self-controlling feedback,”

5J. A. Glazier and A. Lischaber, “Quasi-periodicity and dynamical sys- Phys. Lett. A170, 421-428(1992.
tems: An experimentalist’s view,” IEEE Trans. Circuits Sy86-35 790 ZIN. F. Rulkov, L. S. Tsimring, and H. D. I. Abarbanel, “Tracking unstable

(1988. orbits in chaos using dissipative feedback control,” Phys. RewbOE

SA. V. Gaponov-Grekhov and M. |. Rabinovichonlinearities in Action: 314-324(1995.

Oscillations, Chaos, Order, Fractal§Springer-Verlag, Berlin, 1992 p. B, Kittel, K. Pyragas, and R. Richter, “Prerecorded history of a system as
190. an experimental tool to control chaos,” Phys. Re\6® 262—-2681994).

V. S. Afraimovich and L.P. Shil'nikov, “Invariant two-dimensional tori, 2°N. F. Rulkov, M. M. Sushchik, L. S. Tsimring, and H. D. I. Abarbanel,
their destruction and stochasticity,” Methods of the Qualitative Theory “Generalized synchronization of chaos in directionally coupled chaotic
of Differential Equations(Gorky University Press, Gorky, 1983pp. systems,” Phys. Rev. B1, 980 (1995.
3-26(in Russia. 3°H. D. I. Abarbanel, N. F. Rulkov and M. M. Sushchik, “Generalized

8s. Ostlund, D. Rand, J. Sethna, and E. Siggia, “Universal properties of the synchronization of chaos: The auxiliary system approach,” Phys. Rev. E
transition from quasi-periodicity to chaos in dissipative systems,” Physica 53, 4528—-45351996.

D 8, 303—-342(1983. 31G. I. Dykman, P. S. Landa, and Y. I. Neymark, “Synchronizing the cha-
9H. Fujisaka and T. Yamada, “Stability theory of synchronized motions in  otic oscillations by external force,” Chaos Solitons Fracthl839-353
coupled oscillator systems,” Prog. Theor. Ph§8, 32—46(1984). (1991

10y, s. Afraimovich, N. N. Verichev, and M. I. Rabinovich, “Stochastic 3?V. S. AnishchenkoPynamical Chaos in Physical Systems: Experimental
synchronization of oscillations in dissipative systems,” Izv. VUZ. Ra- Investigation of Self-Oscillating Circuitdeubner-Verlag, Leipzig, 1989

diofiz. RPQAEC?29, 795-803(1986. 33V, V. Alekseev and A. Yu. Loskutov, “Control of a system with a strange
1A, S. Pikovsky, “On the interaction of strange attractors,” Z. Phys. B  attractor through periodic parametric action,” Sov. Phys. D8R|.270—
Condensed Mattes5, 149—-154(1984). 271(1987).

124, G. Schuster, S. Martin, and W. Martiessen, “New method for deter-**R. Lima and M. Pettini, “Suppression of chaos by resonant parametric
mining the largest Liapunov exponent of simple nonlinear systems,” perturbations,” Phys. Rev. A1, 726—733(1990.

Phys. Rev. A33, 3547-53491986. 35y, Braiman and |. Goldhirsch, “Taming chaotic dynamics with weak
1BL. M. Pecora and T. L. Carroll, “Synchronization in chaotic systems,” periodic perturbations,” Phys. Rev. Le@i6, 2545—25481991).

Phys. Rev. Lett64, 821-824(1991). 36y, S. Tang, A. I. Mees, and L. O. Chua, “Synchronization and chaos
14T L. carroll and L. M. Pecora, “Synchronizing Chaotic Systems,” IEEE  (triggered oscillator modgl’ IEEE Trans. Circuits SysCS-3Q 620-626

Trans. Circuits SystCS-38 453—-456(1991). (1983.

15N, N. Verichev, “Mutual synchronization of chaotic oscillations in the 37T. Allen, “Complicated, but rational, phase-locking responses of an ideal
Lorenz systems,” inMethods of the Qualitative Theory of Differential ~ time-base oscillator,” IEEE Trans. Circuits SY8S-3Q 627-632(1983.
Equations(Gorky University Press, Gorky, 1986p. 47-57in Russian. 38T, L. Carroll, J. Heagy, and L. M. Pecora, “Synchronization and desyn-
18N, F. Rulkov, A. R. Volkovskii, A. Rodriguez-Lozano, E. Del Rio, and M. chronization in pulse coupled relaxation oscillators,” Phys. Lett186,
G. Velarde, “Mutual synchronization of chaotic self-oscillators with dis- 225-229(1994).
sipative coupling,” Int. J. Bifurc. Chaos Appl. Sci. Eng, 669-676  *°L. Glass and M. C. Mackeysrom Clocks to Chaos. The Rhythms of Life

(1992. (Princeton University Press, Princeton, NJ, 1988

17C. W. Wu and L. O. Chua, “A unified framework for synchronization and “°R. E. Mirollo and S. H. Strogatz, “Synchronization of pulse-coupled bio-
control of dynamical systems,” Int. J. Bifurc. Chaos Appl. Sci. Edg. logical oscillators,” SIAM J. Appl. Math50, 1645—-16621990.
979-998(1994. 415, V. Kiyashko, A. S. Pikovsky, and M. I. Rabinovich, “Self-exciting

18y, Afraimovich and H. M. Rodridues, “Uniform ultimate boundedness oscillator for the radio-frequency range with stochastic behavior,” Radio
and synchronization for nonautonomous equations,” preprint CDSN94- Eng. Electron. Phy25, 74—-79(1980.
202, Center for Dynamical Systems and Nonlinear Studies, Georgia Insti*?P. A. Bernhardt, “The autonomous chaotic relaxation oscillator: An elec-

tute of Technology, 1994, p. 39. trical analogue to the dripping faucet,” Physicad2, 489—-527(1991).
19p. Badola, V. R. Kumar, and B. D. Bulkarni, “Effects of coupling non- #J. M. Perez, Z. Yu, J. M. Kovalskii, G. Albert, C. L. Littler, and X. N.
linear systems with complex dynamics,” Phys. Lett. 165 365-372 Song, “Synchronization of chaos in coupled tunnel diode relaxation os-
(1992. cillators,” in Proceedings of the 1st Experimental Chaos Conference
203, F. Heagy, T. L. Carroll, and L. M. Pecora, “Synchronous chaos in (World Scientific, Singapore, 1991p. 327.
coupled oscillator systems,” Phys. Rev.58, 1874—-18851994. “N. F. Rulkov and A. R. Volkovskii, “Threshold synchronization of cha-

2IA. S. Pikovsky and P. Grassberger, “Symmetry breaking bifurcation for otic relaxation oscillations,” Phys. Lett. A79, 332—-336(1993.
coupled chaotic attractors,” J. Phys. A Math. G4, 4587—-45971991). 4SA. S. Dmitriev, V. Ya. Kislov, and A. O. Starkov, “Experimental study of
22p_ Ashwin, J. Buescu, and |. Stewart, “Bubbling of attractors and syn- the formation and interaction of strange attractors in a self-excited ring
chronization of chaotic oscillators,” Phys. Lett. 203 126—139(1994). oscillator,” Sov. Phys. Tech. Phy80, 1439-144(0(1985.

CHAOS, Vol. 6, No. 3, 1996



