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Symmetry breaking in nonequilibrium systems: Interaction of defects
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The dynamics of defects against the background of a regular system of rolls is investigated within the
Swift-Hohenberg model with periodically-space-modulated pumping. For thermal convection, this cor-
responds to periodic nonuniform heating. Amplitude equations obtained for a parametric-resonance
case generalize the equations derived earlier and describe both longitudinal and transverse defects. It is
shown that a pair of longitudinal defects either attract one another until they annihilate or they diverge
to infinity. Transverse defects are able to form bound static states. We investigate the influence of small
nongradient effects on the dynamics of single longitudinal and transverse defects as well as on their in-
teraction. We also discuss the effect of “elastic” scattering of transverse defects on each other in the

presence of small dispersion.

PACS number(s): 47.25.Qv, 64.90.+b

I. INTRODUCTION

Defects in regular spatiotemporal structures are a com-
mon phenomenon both in experiment and in numerical
simulation. Defects can arise from spontaneous symme-
try breaking due to secondary instabilities [1,2] or can be
induced by external fields [3,4] or boundary conditions
[5]. Although many mechanisms are available for the
production of defects, only a few qualitatively different
types are created. Therefore it is reasonable to study the
dynamics and interaction of defects within simple models
as the Ginzburg-Landau or the Swift-Hohenberg equa-
tions which allow for a sufficiently complete analytical in-
vestigation, on the one hand, and on the other hand, are
general enough to be compared with available experimen-
tal data.

We will concern ourselves with the breaking of symme-
try of field structures in the form of rolls that are formed
in two-dimensional nonequilibrium media in a supercriti-
cal case. These structures include, for example, a lattice
of rolls in Rayleigh-Bénard convection in a horizontal
layer of fluid [6,7], a system of rolls in liquid crystals un-
der electrohydrodynamic or convective instability [8,11],
etc. The simplest among defects are one-dimensional
domain walls. There are two qualitatively different types
of walls in a roll system (Fig. 1). Figure 1(a) sketches a
one-dimensional defect whose generating line is parallel
to the axis of rolls. The breaking of symmetry is mani-
fested, in this particular case, by the so-called “phase
slip” in the core of the defect. Another one-dimensional
defect (transverse shift) is shown in Fig. 1(b). Here,
again, the plane is separated into two parts but now
across rather than along the axis line of rolls. The rolls
having the same direction of rotation in the different
halves of the plane are shifted with respect to each other
by a half-period of the lattice.

One-dimensional defects in nonequilibrium media are
usually unstable and tend either to spread or to form
two-dimensional topological defects—spirals or vortices
[12]. However, they can be stable if additional space or
time modulation breaks the continuous translational sym-
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metry of the system. Much attention has been given to
the evolution of nonequilibrium systems with spatially
modulated forcing (e.g., [3,8—10]). If the spatial periods
of modulation and of rolls in an unmodulated system are
commensurate, forcing selects the orientation of rising
rolls and suppresses their possible two-dimensional insta-
bilities. If, however, the forcing is nonresonant, a kind of
commensurate-noncommensurate transition occurs that
gives rise to a number of one-dimensional defects [8,9].
Defects, however, are possible even in the case of exact
parametric resonance when the wave number of modula-
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FIG. 1. Sketches of one-dimensional defects in a roll system.
(a) Longitudinal defect, with a generating line parallel to the
axes of rolls. In this particular case it has a form of the “phase
slip” in the core of the defect; (b) transverse defect, with a gen-
erating line perpendicular to the axes of rolls. The phases of
rolls in the opposite sides of the core of the defect differ by .
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tion is equal to twice the wave number of rolls. These de-
fects asymptotically connect two regions where regular
systems of rolls, both synchronized by a spatial forcing,
are shifted in phase by an odd multiple of 7 (in fact, of
the period of modulation). Analogous defects exist also
in case of parametric temporal modulation of supercriti-
cality in a one-dimensional system which undergoes a
spatially homogeneous Hopf bifurcation [13]. It is recog-
nized now that defects play an important role in the tran-
sition from a regular to a disordered state in a spatially
extended system. Near the onset of the transition the in-
teraction of defects seems to be responsible for the com-
plex spatiotemporal behavior which is usually called
defect-mediated turbulence.

In this paper we will investigate pair interactions of
longitudinal and transverse defects in a system of rolls in
the presence of parametric spatial forcing. We include
the case of weak nongradient effects as dispersion, linear,
and/or nonlinear frequency shift, which usually spoil the
pure gradient dynamics of nonequilibrium systems. We
will show that when two longitudinal defects interact,
they either repel or annihilate as ¢t — o0, resulting in the
onset of a spatially homogeneous regime. The interaction
of transverse defects is accompanied by a number of non-
trivial effects, such as the formation of bound states as
well as the regeneration and “elastic” scattering of de-
fects in a nongradient case.

II. MODEL EQUATIONS

Our starting point in the description of both longitudi-
nal and transverse defects in a roll lattice is the Swift-
Hohenberg equation [14] for some field variable i(r,¢),
where r=(x,y), which reads (in nondimensional vari-
ables) as follows:

Y —py— g+ 1+ W

Here fi(r) is a supercriticality which is a specified func-
tion of space, and the wave number of the most linearly
unstable perturbations is normalized to 1. When fi=>0,
this model describes, in particular, convection in a layer
of fluid with rigid boundaries that is heated from below.
In the following we will take i=p(l+ecoskx), p =
const, which corresponds to convection with spatially
periodic heating. Below we will restrict ourselves to the
case of exact parametric resonance k =2.
Equation (1) can be rewritten in gradient form,

-—a—ld—l-z — 8F o= e T Dol oA L (2)

ot 8¢v

where F stands for the free-energy functional
F=[ [T (=ipp*+ '+ HO+ Vg Pldxdy . ()

We are interested in solutions ¥(r,) of (2) with a definite
symmetry, namely, ¥(r,t)="A(r,t)e”™ + c.c. Here A(r,t)
is a slowly varying complex amplitude of the field. From
Eq. (2) one can show that the equation for 4 (r, t) also has
a gradient form:

a4 __ 87
ot 54*

e ——— e - @

L. KORZINOV, M. I. RABINOVICH, AND L. S. TSIMRING 46

The free-energy functional ¥ for the amplitude 4 may be
obtained directly by averaging F over the period of a lat-
tice of rolls 2 (this approach is actually the generaliza-
tion of Whitham’s averaged variational principle [15] to
gradient systems):

7=/ f_: {—MA P+1{4*—y[(Red)*—(Im4)?]

2
dx dy , (5)

where ¥y =1pue. The evolution equation for A4(r,¢) can be
written as a generalized Newell-Whitehead-Segel [16]
equation:

04

2
7=yA+yA*—]A|2A+ 4, (6)

8 i
ox 2 ay2

where the additional term y A* is responsible for the
parametric forcing.

Below we will consider two particular cases: purely
longitudinal effects [with /3y =0 in Eq. (6)] and purely
transverse defects (with 3/3x =0).

. HI. LONGITUDINAL DEFECTS

The dynamics of longitudinal defects [see Fig. 1(b)] is
described by the following equation:

a4 9’4
ot ax?
This equation and the structure of a single longitudinal

defect were discussed in the recent paper [13] where the
authors analyzed the spatiotemporal dynamics of a distri-

=uAd+yA*—|A4?4+—= )

_buted self-oscillatory system in a homogeneous external

field oscillating with a frequency 2w, (where wg is the nat-
ural frequency of the system). In addition, Eq. (7) was
considered earlier in [17,18], where it was shown that Eq.
(7) describes two types of domain walls. When y <1, the
stable solution is

=i\/ tanh(\/_x)j:n/ y[(V2yx1™t, (8

known as a Bloch wall, whxle for ¥ >+ this solution loses
stability and, instead, the Ising domam wall

A=+Vu+ytanh[v/Lu+y)x] 9

becomes stable. The solution (8) has an imaginary part
A. This means that in (8) the phase changes smoothly

~ from m to —. In (9) the phase at the point x =0 (the de-

fect core) changes abruptly.
We will now consider the interaction of a pair of longi-

.tudinal defects. If the defects are rather far apart in com-

parison with their characteristic scale, we can use an
asymptotic method to derive equations for the coordi-
nates of the defect core. The procedure for the derivation
of equations describing the evolution of defect’s parame-
__ters in the weak field of another defect is similar to the
correspondmg asymptotic procedure for solitons [19].
After some calculations (see the Appendix) we arrive at
the equations for the distance r between two defects. In
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particular, for two Bloch walls we have

dr _ 2T 3Y) =i
dt 3u—y

The plus or minus sign in Eq. (10) is chosen depending on
the ratio of the signs of the imaginary parts of complex
amplitudes for the fields of interacting walls. Defects
having ImA equal in sign (“like” defects) attract one
another (the minus sign), while “unlike” defects repel (the
plus sign). For Ising walls we have

dt

Let us compare the results obtained using an asymptot-
ic method and the data of direct numerical simulation of
the dynamics of defects. Equation (7) with periodic
boundary conditions was integrated by the implicit split-
step method using a fast Fourier transform (FFT) for the
calculation of spatial derivatives (see [20]). We used 1024
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FIG. 2. (a) Convergence velocity of two longitudinal “like”
Bloch walls as a function of their separation, as given by the
analytical formula (12) (solid line) and by numerical simulations
of Eq. (7) (circles) at u=1.0, ¥y =0.3; (b) repelling velocity of
two longitudinal Ising walls as a function of their separation, as
given by the analytical formula (11) (solid line) and by numerical

simulations {circles) at p=1.0, y=0.5.
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harmonics, and the length of the system was L=32.
Periodic boundary conditions A4 (x)=A(x+L) were
used in the numerical simulations. This corresponds to a
periodic lattice of defects in the unbounded system.
Therefore, for correct comparison with the asymptotic
formulas (10) and (11), two terms describing interaction
with two nearest neighbors should be taken into account
in their right-hand sides. In Fig. 2(a) the velocity of con-
vergence of “like” Bloch walls is plotted versus the dis-
tance between the walls for p=1.0, y =0.3. For compar-
ison, the solid line in this figure shows the velocity calcu-
lated analytically using the formula

p= 24;#:3/ )1/2,},(e—1/5;r_e—‘/2_7:(L—r5) , (12)

which follows from Eq. (10). One can see that the agree-
ment is rather good for distances r 2 8=3Vv'2/y, where
V'2/y is the characteristic width of the Bloch wall. Ac-
cordingly, Fig. 2(b) presents numerical data for the repel-
ling velocity of Ising walls for p=1.0, ¥ =0.5, as com-
pared with the asymptotic formula (11).

IV. TRANSVERSE DEFECTS

- The dynamics of transverse defects is described by the
equation
04

—_— = * __ 2 4
ar uAd+yA*—|4*4

4
g4 ) (13)
ayt
where y, = yV'2 (below, instead of y, we will write simply
¥). This equation, as Eq. (7), has stable stationary solu-
tions which will be referred to, by analogy, as an Ising
wall (which is stable when ¥y >y.=0.391...) or as a
Bloch wall (which is stable when ¥ <y.). For the bifur-
cation diagram see Fig. 3. ’ I

Stationary solutions of Eq. (13) are described by the or-
dinary differential equation that is obtained from Eq. (13)
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FIG. 3. Bifurcation diagram representing the parameter
x=max{ImA4} vs y at u=1.0 for transverse defects. When
¥ <y.=0.392..., Bloch walls are stable with y70. When

y>v., Ising walls with Im 4 =0 are stable.
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0.08 g S r— - Employing Eq. (A7) of the Appendix we again can
: S derive an equation of motion for the distance between the
N cores of interacting transverse defects:

0.06 . : SR 7 e Al
. S Ml—ir——Coe "cos kr+¢0 (17
jad I i where the mobility of the defect M= [=_|A4;|%dy and
> ° C, and ¢, are some constants which one can eas11y calcu-
002 °o T e late numerically for any chosen values of parameters p
°. T S a and y. It is clear from Eq. (17) that there exists a count-
e . eeomeeo| - able number of stable equilibrium states with
0.00 Sornoo0s 0 500 0T _f’j‘f’ 5po °?§’jj T =A" 2 — —~¢y), n=12,. This conclusion is
. B - confirmed by numer1ca1 expenments in which we calcu-
L - . lated the velocity ¢ of converging defects versus their rela-
0% 30 20 50 60 tive distance (see Fig. 4). One of the family of bound

FIG. 4. Plot of the convergence velocity of two “unlike”
transverse Bloch walls as a function of their separation, as given

by numerical simulation of Eq. (13), u=1.0, y=0.3,
when 9/3t =0:
pA+yA*—A4, —|A41*4=0. (14)

Equations (14) admits the “energy” integral
H=—ASA,,— A, A3 +|A4,>+pul4]*

—H4l+LRea ). (15)
It can be shown that in the three-dimensional phase space
of the system (14) and (15) there exists a homoclinic
structure [1,21], which indicates that (14) is nonin-
tegrable. However, the interaction of walls can be de-
scribed knowing only the asymptotic forms of solutions
(14) asy >t o0: .

|A—A |~e(:tki0~)y , : (16)
where A=V (u+v)/2 1f‘y>yc and A=" V y/2 2if y <y,
Ag=tvVp+y. T

Yy e

states is depicted in Fig. 5.

V. NONGRADIENT TERMS IN THE GOVERNING
EQUATIONS

It is typical for nonequilibrium systems that they re-
veal some nonvariational features such as oscillatory be-
havior of growing disturbances, dispersion (nonlinear
frequency—-wave-number dependence), nonlinear frequen-
cy shift, etc. These effects are described by imaginary
corrections to the coefficients of the corresponding ampli-
tude equations. In this section we consider the influence

of nonvariational effects on the interaction of defects in
the roll system.

A. Longitudinal defects

The motion of domain walls under the influence of
small nonvariational terms in the governing equation

4, =(p+iw)A+(1+ia) A, —(1+iB)| A2 4+y 4*
(18)

was investigated in Ref. [13]. It was found that small
nongradient effects do not significantly influence the be-
havior of an Ising wall (it remains immobile), while a
Bloch wall begins to move in a direction that depends on
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FIG. 5. Closest bound state of two “unlike” transverse Bloch

walls, corresponding to the first zero of the convergence velocity

as a function of r (see Fig. 4), u=1.0, y=0.3.

sthe direction of the phase turning in the defect (i.e., on
*the sign of Im A).

- Two mteractlng Ismg walls’ repel and move off to
infinity regardless of nongradient terms. Bloch walls in
the gradient model either attract each other or repel de-
pending on the ration of signs of Im 4 in the defect cores.
Under the action of nongradient effects, “like” defects
“move in one direction and, at the same time, attract each
other untll ‘they annihilate completely, which results in
the onset of a spatially homogeneous regime. “Unlike”
defects move in different directions under the action of

- nongradient effects as well as due to interaction, and ei-

ther annihilate or repel up to infinity. Thus, longitudinal
_defects do not form bound states under the action of

. .weak nongradient effects.

B. Transverse defects

Let us first consider the influence of small nongradient
effects on the dynamics of a single transverse defect.



These effects are described by the imaginary corrections
to the coefficients of the amplitude equation (13):

A, =(u+iv)A—(1+ia)A,,, —(1+iB)|A[PA+y4* .
(19)

Yy

Following [13] and using the asymptotic method of series
expansion in a small parameter e=0(v,a,B) [Eq. (A7)
again, but with different k'], one can show that an Ising
wall continues to be immobile while a Bloch wall moves
at a constant velocity

v=yM[(B—v)a, +(a—Ba,], (20)
where

a= _°°w< YoXb, —Xo Y5, )dy 1)

= f _w M(X oy Yoy — YoppXoy )y 5 (22)

Ay=X,+iY, is the profile of an undisturbed transverse
defect (when v,c, 3 are zero), and y=max(Im4) in the
core of undisturbed defect. In this case the number of
bound states of the pair of interacting defects is finite, be-
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cause the distance between defects in the two-defect
steady bound states must meet the condition

Coe “Mrcos(Ar, +d)=x[(B—v)a;+(@a—Bla],  (23)

and for large r this condition cannot be satisfied. More-
over, for sufficiently strong nongradient effects, when the
right-hand side of Eq. (23) is larger than some threshold
value,

[X[(B_V)al '{‘(a_ﬁ)az“ >hmax ’

there are no bound states at all. The threshold value & ,,
is determined by the value of the first minimum (or max-
imum) on the oscillating tail Im 4 of the transverse de-
fect. “Like” Bloch walls moving in opposite directions to
another usually annihilate, and a spatially homogeneous
regime is established. However, when =0, v=0, and
a>a,=h_, /a, there appears an interesting effect: re-
generation of defects having different signs in the region
of strong interaction. After interaction the defects
diverge at a constant velocity because of the change of
sign of Im A4 in their cores. This process is very much like
elastic scattering of particles (see Fig. 6), although actual-

FIG. 6. Regeneration of “like” transverse Bloch walls under collision in the nongradient case (#=1.0, y=0.3, a=0.3, B=0,
v=0). (a) Re 4, (b) Im 4 as functions of y at different moments of time.
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FIG. 7. Parameter plane (y,a) for the pair interaction of
transverse defects for B=v=0. Domain ! corresponds to the
annihilation of Bloch walls, 2 to bound states of Bloch walls, 3
to the regeneration of Bloch walls, and 4 to bound states of Is-
ing walls.

ly the interaction and propagation of defects is an essen-
tially nonequilibrium process, accompanied by variations
of the free-energy functional (5).

Figure 7 depicts the separation of the plane of parame-
ters (y,a) into regions that correspond to a qualitatively
different dynamics of transverse defects (for simplicity we
restrict ourselves to the case of v=8=0). When
Y>v.=0.391. .., only Ising walls are stable; they begin
to move under the action of nongradient effects. When
y <¥,, we observe bound static states of defects (for not
too large a<a,=0.32...), annihilation of like defects
for small ¥, and regeneration of defects in the course of
interaction at large y.

VI. CONCLUSIONS

We have investigated one-dimensional defects that may
occur in the system of field structures in the form of one-
dimensional rolls under the action of periodically inho-
mogeneous pumping using a Swift-Hohenberg equation
with a periodic-in-space supercriticality parameter. We
considered the case of exact parametric resonance when
the spatial period of rolls is twice the pumping period.
Then, we averaged the equation over the period of pump-
ing and arrived at a generalized Newell-Whitehead-Segel
equation for the complex amplitude of the primary field.
Topologically, two qualitatively different types of one-
dimensional defects are possible in the system of parallel
rolls: longitudinal defects (along the direction of rolls)
and transverse defects. In a purely gradient case, defects
are immobile and their internal structure depends on the
magnitude of the external periodic inhomogeneity y. For
large vy, strictly antisymmetric Ising walls are formed,
while for ¥ <y, the symmetry is broken and Bloch walls
become stable, with the phase of the complex amplitude
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- tqrnmg m dlﬂ’ercnt directions dependmg on initial condi-

tions.

The qualitative dlﬁ”grence between longitudinal and
transverse ' defects is manifested in their interaction.
Longitudinal defects either attract one another and an-
nihilate (“like” Bloch walls) or diverge to infinity (Ising
walls, “unlike” Bloch walls). On the other hand, two
transverse defects form a bound state (in a purely gra-
dient case there exists a countable set of bound states of
two defects). Slngle Bloch walls begin to move, given
there are imaginary corrections to the coefficients of

_equations for complex amplitude (these corrections may
. be related to dispersion, nonlinear frequency shift, or
~linear detuning).

The number of bound states may de-
crease down to zero, depending on the value of nongra-
dient terms, so that there are no bound localized states
when nongradlent effects are sufficiently large. In this
case, two qualitatively different types of behavior of a
pair of transverse defects are possible: (1) the defects
diverge to infinity or converge and annihilate, giving rise
a spatially homogeneous regime, or (2) defects are regen-
erated with the opposite direction of the phase rotation,

and the newly born defects diverge. In the region of pa-

rameters corresponding to the interaction of the second
type, a system of a large number of transverse defects
would demonstrate complex nonstationary behavior that
may be interpreted as one-dimensional defect-mediated
turbulence.
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APPENDIX

Let us seek fhe solutions to Eq. (7) in the form

A=A [x—r(t)/2]+ A,[x +r(t) /2]

—Vuty+ 3 eaPx,t), (A1)

where 4, and 4, stand for undisturbed domain walls (8)
or (9) taken with the opposite signs. Vu+y is added to
meet the boundary conditions 4 -Vu—+vy at x >t o,
and the small parameter €=(V2yr)~!is the ratio of the
defect width and a separation of defects » which is a func-
tion of “slow” time r=e€t. The expansion (A1) substitut-
ed into Eq. (7) yields in a standard manner the set of
equations for successive approximations a ":

a(n)

El,2 a*m =ﬁ<1’,% ) (A2)

where, for instance,



—p—2a?/3x2+2| 4,)? —y+ 4}

a

L=
— * 42
’}’+(A]) at

is the operator of the problem (7) linearized with respect
to the first defect 4, and A"} contain only the functions
of previous corrections. The first-order correction ﬁ o
takes the form

A =e! (A4)

4% )
(1)*

3 +h

h(1)=_2|A'1[212_ A%I;

—2Vpty(Ad, A, + A AS+ AT 4,),

(AS)

where the tilde indicates that the first term in the asymp-
totic expansion of 4,—V ,u+‘y is taken in the location of
the first defect. The expressions for fz and B (2 ) may be
obtained by the permutation of subscripts 1 and 2 in
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—g——u-—82/6x2+2lA1]2
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—

(A3)—(A5). In order to avoid the secular growth of
corrections a® one has to impose the orthogonality con-
ditions between the right-hand side of (A2) and the eigen-
vectors a 1+2 of the operators conjugate to

f°° ai, B Mdx=0. (A6)

It is easy to see that due to the translation invariance of
(7), the space derivatives d AT, /dx and d 4, ,/dx form
the eigenvector of L 1,2- Therefore, the orthogonality
condition for first-order corrections may be represented
in the following form:

w 0AF
J7 14yl 2dx =[7 S hWdxtee.  (AD)
The substitution of (8) or (9) into (A7) and a straightfor-
ward calculation of integrals in (A7) yield the formulas

(10) or (11), respectively.
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