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Abstract

A delay in feedback can stabilize simultaneously several unstable periodic orbits embedded in a chaotic attractor.
that by modulating the feedback variable it is possible to lock one of these states and eliminate other coexisting
attractors. The method is demonstrated with both a logistic map and a CO2 laser model.
 2003 Elsevier B.V. All rights reserved.
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1. Introduction

In the past decade chaos control has attracted m
attention and many techniques for controlling chao
dynamics have been developed (see, for example
and references therein). Among a number of me
ods which use a feedback loop, one may distingu
the two most extensively employed methods. Th
are the method of Ott, Grebogi, and Yorke [2] (OG
based on small perturbations to a system para
ter to stabilize a given periodic orbit embedded
a chaotic attractor and the method of Pyragas
who proposed to modify state variables instead
control parameters. The main contribution of Py
gas was to introduce a correction based on dela
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variable as stated later rather than action on a v
able. The correction signal is proportional to the d
ference between values of a given variable at dif
ent times; the delay time is selected equal to the
riod of the unstable periodic orbit (UPO) to be s
bilized. All the methods propose to act on the st
variable, whether this is directly or indirectly (throug
action on some parameter). Moreover, many me
ods, including variants of the OGY method, do n
require detailed knowledge of the system, otherw
they would not have been implemented experim
tally so rapidly in systems mentioned in [4–11]; t
knowledge on the system necessary to select the
turbation can be obtained by simply observing the s
tem for a suitable learning time. An advantage of
Pyragas method is that it does not require full inf
mation about the target UPO; but it only uses a c
stant delay in time in the feedback loop. In practi
the Pyragas method transforms a system of ordin
.
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differential equation into a delayed dynamical s
tem. This implies to increase its dimensionality so
the desired unstable periodic orbit, which was un
ble in the ordinary differential equation system, b
comes now stable in the new delayed dynamical s
tem.

A time delayed feedback is known to be an e
cient tool for continuous-time control of dynamic
systems. However, there is a problem that the dela
feedback can induce multiple coexisting attracto
This phenomenon predicted by Ikeda et al. [12,13] w
confirmed experimentally in an electro-optical bista
device with a computer delay [14]. Later, a very lar
number of multistable self-oscillatory modes were o
served in a laser diode pumped hybrid bistable sys
with a large delay [15]. The main difference betwe
the cases of large and small delay is the variety of
existing attractors. When the delay time is much lar
than the response time, there is a fundamental o
lation mode which exhibits period-doubling bifurc
tions and there are also multiple harmonic oscillat
modes, each of which exhibits a sequence of bifu
tions [12].

In practical applications, when one of the attract
according to some criteria would yield superior syst
performance over the others, it is important to be a
to drive most trajectories to the desirable attrac
rapidly by using only small feedback control to
accessible parameter or state of the system. I
possible to provide some regulation of a steady s
of the nonlinear system through an adaptive con
mechanism [16,17], which utilizes an error sign
proportional to the difference between the goal out
and the actual trajectory. This error signal govern
change of the system parameters reducing the err
zero. Another control algorithm to drive trajectories
a desirable attractor by using small feedback con
has been suggested by Lai [18]. His idea is to bu
a bush-like structure of paths to the target attrac
and to stabilize a trajectory around one of the ma
paths, so that the trajectory asymptotically approac
the desirable attractor. However, at present, there i
guarantee that the method can be applied to prac
The success of the method relies on the region in
phase space to which the bush extends and the me
is effective when there are fractal basin bounda
with large values of fractal dimension. In contra
there is no appreciable increase in the probability fo
d

trajectory to be driven to the desirable attractor if
basin boundaries are smooth.

There also exist other approaches in controll
systems with coexisting attractors. For instance, to
a harmonic modulation to an available system pa
meter [19]. This modulation with properly chosen fr
quency and amplitude can cause crisis of the attrac
so that only a single attractor remains [20]. In oth
methods the coexisting attractors are not comple
destroyed but their basins of attraction are change
that a trajectory is attracted to one of the coexist
states. Among the latter methods, we should men
the method proposed by Pecora and Carroll [21]. T
used chaotic signals with certain periodic characte
tics as a part of the drive signal in a system with co
isting periodic attractors. Later, Yang et al. [22] mo
ified this method, combining noise and a bias sig
to achieve the same goal. Recently, Jiang [23] app
a periodic modulation to a system variable in ord
to drive a multistable system to a selected traject
However, in the all above mentioned works the s
tems were not chaotic and delayed feedback were
introduced.

In this Letter we will focus on the Pyragas meth
[3]. This method is based on the construction of a s
cial form of time-continuous perturbation, which do
not change the form of the desired UPO, but un
certain conditions can stabilize it. Pyragas conside
a system governed by the ordinary differential eq
tions

(1)ẋ = Q(x, y), ẏ = P(x, y) + F(t),

wherex ∈ R
n−1 describes the variables of the syste

that are not available or not of interest and onlyy ∈ R

can be measured as a system output,Q :Rn−1 × R →
R

n−1 andP :Rn−1 × R → R, andF(t) is the control
signal. He proposed two types of feedback cont
delayed feedback control [24]

(2)F(t) = η
[
y(t − τ ) − y(t)

]

andexternal feedback control

(3)F(t) = δ
[
ȳ(t) − y

]
,

to stabilize an UPO embedded in the chaotic attr
tor. Here ȳ(t) is the UPO to be stabilized andτ is
its period. If the period of external forceT = 1/f
or time delayT0 is equal toτ , then it is possible to
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find feedback strengthsη andδ which allow stabiliza-
tion of the UPO. The delayed feedback control te
nique has been applied experimentally to many ph
ical, chemical, and biological systems [1]. In part
ular, in laser physics it has been successfully u
for stabilization of UPOs in a fiber laser [4], a CO2
laser [5,6], a semiconductor laser [7], and an optica
pumped far-infrared gas laser [8]. The efficiency of
delayed feedback method has been improved by
adaptive control technique [9] that was implemen
experimentally with a CO2 laser [10,11]. The externa
feedback control has been recently applied in exp
ments with an electronic circuit [25] and a periodica
forced pendulum [26].

In this Letter we suggest to combine two types
the feedback control and apply both the delay a
the periodic modulation. Our approach is illustrat
schematically in Fig. 1. We consider a chaotic s
tem with feedback and show that a time delay in fe
back can stabilize simultaneously several UPOs wh
may coexist with the original chaotic attractor. We w
show that the external control in the form of a h
monic modulation applied to the feedback strength
lows locking one of these periodic orbits. Thus, t
multistability can be controlled by modulating th
feedback variable. As a result, only one of the co
isting attractors remains. Another important advant
of the oscillating feedback is that it allows one to ov
come a limitation that occurs for the delayed fee
back control. Following Giona’s theorem [27], co
stant feedback can stabilize an UPO only if the s
bility matrix has no positive eigenvalues greater th
unity. However, as was recently shown by Schus
and Stemmler [28], these restrictions can be overc
by modulating the feedback control periodically.

Our method will first be introduced for dynamic
systems described by a map, then it will be exten
to a system described by differential equations.
particular, we will demonstrate that homoclinic cha

Fig. 1. Schematic of the method for controlling multistability in
time delayed feedback system.
in a CO2 laser with feedback [29] can be stabilized
one of the periodic orbits. We choose the latter sys
because there are no, to our knowledge, effic
methods for controlling this type of chaos, althou
a phase locking of chaotic oscillations to exter
modulation has been proved recently [30,31].

The Letter is organized as follows. In Section 2
apply our method to a chaotic logistic map. We sh
that the time delayed feedback induces bistability
this system, so that two periodic orbits are genera
instead of chaos. Then, we add a harmonic modula
to the feedback strength to attract the trajectory to
of the attractors and eliminate the other. In Sectio
we demonstrate the applicability of our approach
a real physical model on an example of a CO2 laser
with feedback operating in the regime of homoclin
chaos. The delay in feedback stabilizes some peri
orbits which coexist with the original chaotic attract
and the feedback modulation locks one of the perio
states. Finally, conclusions are given in Section 4.

2. Application to the logistic map

2.1. Time delayed logistic map

The time delayed logistic map is one of the simpl
systems which displays generalized bistability and
be described in the following form

(4)xi+1 = axi(1− xi) − η(xi−k − xi),

Fig. 2. Cascade of period-doubling bifurcations of the logistic m
xi+1 = axi (1− xi ).
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Fig. 3. Bifurcation diagrams of the delayed logistic map with resp
to a for η = 0.19 and delays (a)k = 1, (b) 2, (c) 3 and (d) 100.

wherexi+1 is measured as time series, with valu
in the interval [0,1],a is the system parameter (a ∈
[1,4]), k is the time delay andη is the feedback
strength. The map Eq. (4) exhibits the coexistenc
two attractors.

The bifurcation diagram of the logistic map Eq. (
without feedback (η = 0) is shown in Fig. 2. In
this Letter we explore the parameter range where
map exhibits chaos, close to the period-3 wind
The delayed feedback changes drastically the sys
dynamics. These changes can be seen in Fig. 3 w
we show four bifurcation diagrams witha as a control
parameter for different delaysk = 1,2,3,100 for fixed
feedback strengthη = 0.19. Short time delays induc
generalized bistability in the system. Whenk = 1
(Fig. 3(a)) the whole bifurcation diagram is shifte
towards higher values ofa, while the period-3 window
Fig. 4. Bifurcation diagrams with respect toη for a = 3.625 and (a)
k = 1, (b) 2, (c) 3 and (d) 100. The dashed line indicates the v
of η0 = 0.19 at which the control is applied.

is shifted to lower values ofa and becomes wide
so that in the parameter rangea = [3.60,3.65] two
periodic attractors (period 2 and period 3) coex
instead of the chaotic attractor for the map witho
delay (Fig. 2). Generalized bistability is also observ
with delaysk = 2 (Fig. 3(b)) andk = 3 (Fig. 3(c)) but
in narrower parameter ranges. However, in the m
with a large delay (k = 100) bistability does not appea
(Fig. 3(d)).

The coexistence of two attractors is also sho
in the bifurcation diagrams with respect to feedba
strengthη (Fig. 4). Whena is fixed in the chaotic re
gion (a = a0 = 3.625), generalized bistability appea
in certain range ofη for k = 1 (Fig. 4(a)) andk = 3
(Fig. 4(c)), but not fork = 2 (Fig. 4(b)) andk = 100
(Fig. 4(d)). In the following we will consider only
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Fig. 5. Bifurcation diagrams fork = 1 and different feedback
strengths (a)η = 0.02, (b) 0.11 and (c) 0.19. The dashed li
indicates the initial value ofa0 = 3.625 at which the control is
applied.

short delay (k = 1) because in this case the range
bistability is largest. The calculations show that t
bistability range increases with the feedback stren
At smallη (η = 0.02 in Fig. 5(a)) the bistability rang
is almost not seen. However, with increasingη the
period-3 window becomes wider and is shifted to
lower values ofa, while the whole diagram is shifte
to largera.

In the next subsection we will show that a period
modulation to the system variable allows one
annihilate one of the coexisting attractors that res
in monostability.

2.2. Modulation of the variable

The time delayed logistic map with modulation
the variable can be written in the following form

(5)xi+1 = axi(1− xi) − η(xi−k − xi) − δ sin(2πf i),

where δ and f are, respectively, the modulatio
amplitude and frequency. We will show that t
weak (δ � 1) and slow (f � 1) modulation can
Fig. 6. Time series showing the annihilation the period-3 attra
when the control modulation withδ = 0.015 andf = 0.02 is applied
at timei = 100,k = 1, a = 3.625 andη = 0.19.

cause boundary crisis of one of the attractors, lead
to its destruction. For instance, if we fix feedba
strengthη on η0 = 0.19 and parametera on a0 =
3.625 in the range where the period-2 and peri
3 attractors coexist, as shown in Figs. 4(a) and 5
and apply the control modulation with amplitud
δ = 0.015 and frequencyf = 0.02 to the variable
in the form of Eq. (5) at timei = 100, while the
system stays initially in the period-3 attractor, t
trajectory is attracted to the period 2 (Fig. 6). Th
the period-3 attractor is annihilated by the modulat
and the system becomes monostable. As seen
Fig. 6, the remaining period-2 state is amplitu
modulated with the period of the control modulatio
1/f . However, the amplitude of this modulation
relatively small because the modulation freque
is far from the resonant frequency of the period
attractor.

The physical mechanism underlying annihilati
phenomenon in a system with parametrical modu
tion is described in [20]. This phenomenon resu
from boundary crisis due to a resonant interaction
the control frequency with the relaxation oscillati
frequency of the associated attractor. The control m
ulation deforms the attractor and its basin of attr
tion [32] and may induce the period-doubling casca
of bifurcations terminated by chaos and crisis of
attractor. Similar mechanism is realized in the s
tem with modulated feedback. The best conditions
the attractor annihilation is achieved when the con
frequencyf is close to the relaxation oscillation fre
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Fig. 7. Annihilation curve for modulation of the variable in th
(f, δ) space fork = 1, a = 3.625 andη = 0.19. Below the curve
the period-3 and period-2 attractors coexist while above the c
only the period 2 is stable.

quencyfr of the attractor to be annihilated. We es
mate this frequency from time series by measuring
dependence of the maximum response on the mod
tion frequency keeping the modulation amplitude fix
and small. At the resonant frequency the system
sponse is maximal. For the logistic map Eq. (5) a
our parameters, the relaxation oscillation frequenc
the period-3 attractorfr ≈ 0.168.

The stability boundary of the period-3 attractor
the space of modulation parametersf andδ is shown
in Fig. 7. The dots in the figure form the annihilatio
curve. For the parameters below this curve, two
tractors, period 2 and period 3, coexist, while abo
the curve only the period-2 attractor exists. The
timal conditions (minimal modulation amplitude) fo
the annihilation of the period-3 attractor are realiz
whenf = fr andf = 3fr . The later minimum can
be understood from the following speculations. T
period of relaxation oscillations of the period-3 a
tractor is a number of iteration points per period
the oscillations. The inverse period yields the rel
ation oscillation frequency of the attractor. Howev
the period-3 attractor has three branches of point
time series (Fig. 6) and hence the number of iterati
per period of relaxation oscillations in each bran
i1, is a 1/3 part of the total number of iterations p
period for all three branches,i1 = ir/3. Thus the os-
cillation frequency for one branchf1 = 1/i1 = 3fr

is also a resonant frequency for the period-3 attr
tor.

3. Application to a CO2 laser

The specific property of the CO2 laser with feed-
back is that it can displays chaos of Shilnikov ty
[29]. This chaotic motion is characterized by the
ratic behavior when a parameter is varied towa
the homoclinic condition associated with a saddle
cus [33]. Normally Shilnikov chaos is located with
very narrow parameter ranges and the chaotic w
dows are distributed exponentially with a control p
rameter [34,35]. Therefore, in experiments it is ve
difficult to fix the system in the neighborhood of a h
moclinic orbit because of noise or small unavoida
fluctuations of the system parameters. Here we
show that Shilnikov chaos in a CO2 laser with feed-
back can be stabilized by locking a particular unsta
periodic orbit with a harmonic modulation applied
the feedback variable.

3.1. Model equations

The model is based on a four-level scheme
the active medium [36] leading to the following si
equation dynamical model

ẋ1 = k0x1
{
x2 − 1− k1 sin2[εx6(θ − T0)

(6)+ (1− ε)x6
]}

,

(7)ẋ2 = −Γ1x2 − 2k0x1x2 + γ x3 + x4 + P0,

(8)ẋ3 = −Γ1x3 + x5 + γ x2 + P0,

(9)ẋ4 = −Γ2x4 + γ x5 + zx2 + zP0,

(10)ẋ5 = −Γ2x5 + zx3 + γ x4 + zP0,

(11)ẋ6 = −βx6 + βB − βf (x1),

wheref (x1) = Rx1/(1 + αx1) is the feedback func
tion, x1 is the normalized photon number proportion
to the laser intensity,x2 is proportional to the popu
lation inversion,x3 is proportional to the sum of th
populations on the two resonant levels,x4 andx5 are
proportional, respectively, to difference and sum
the populations of the rotational manifolds coup
to the lasing levels. We assume that each mani
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Table 1
Parameter values used in simulations

Γ1 10.0643 α 32.8767 k0 28.5714 γ 0.05
Γ2 1.0643 β 0.4286 k1 4.5556 P0 0.016

Fig. 8. Time series of chaotic oscillations in a CO2 laser with
feedbackR = 160, B0 = 0.10315.

containsz = 10 sublevels. The variablex6 is propor-
tional to the feedback voltage that affects the cav
loss parameter through the relationk0(1+ k1 sin2x6).
θ is the time rescaled to the collision relaxation r
γr = 7×105 s−1, i.e.,θ = tγr , wheret is the real time.
The control parametersB andR are proportional to
the bias voltage and the gain of the feedback, res
tively. The parametersΓ1, Γ2, γ , andβ represent de
cay rates,α is a saturation factor of the feedback loo
and P0 is the pump parameter. The fixed parame
values are collected in Table 1. They correspond to
curate measurements performed on the experime
system [37].

Eq. (6) contains the delayed variableεx6(θ − T0),
whereε is the strength of the delay signal andT0 is
the delay time. The laser without delay (T0 = 0 and
ε = 0) operates in a chaotic regime which is ch
acterized by the large and small spikes (Fig. 8) c
responding to the alternative large and small lo
forming respectively the inward and outward s
rals in the phase space in the vicinity of an u
stable saddle focus. This fixed point has two r
(λ1 and λ2) and four complex conjugate eigenva
ues. The inward spiral motion is related to a no
stationary solution of the equation model charac
l

Fig. 9. (a) Coexisting attractors in the presence of time dela
feedback. (b) Locking of the periodic orbit withT = T0 when the
variable is modulated with delay-dependent frequencyf = 1/T0
and (c) with fixed frequencyf = 1/50, ζ = 0.01 andε = 0.25. The
horizontal dashed lines show the periodicities of coexisting sta
T1 = 147.3 andT2 = 74.7, which appear at the delay withT0 = 140
shown by the vertical dashed line.

ized by a stable manifold with complex eigenv
ues (−ρ2 ± iω2). For a homoclinic orbit associate
with such a saddle focus Shilnikov showed that
|ρ2/λ2| < 1, then a homoclinic orbit is created an
the system represents a chaotic behavior of Shiln
type [33].

Synchronization of Shilnikov chaos by delay
feedback (“delayed self-synchronization”) was
cently demonstrated by Arecchi et al. [11]. Ho
ever, at certain delay times this control may indu
multiple coexisting attractors, whose periodT is a
linear function of the delay timeT0. For example,
two coexisting periodic attractors appear atε = 0.25
in the range of delay times 110< T0 < 160 (in
normalized units ofγr ), as shown in Fig. 9(a). A
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fixed T0 = 140 the coexisting attractors have pe
ods T1 = 147.3 and T2 = 74.7 (horizontal dashed
lines) that are close toT0 andT0/2. The dependence
in Fig. 9 are obtained by calculating the autoc
relation function of the laser intensity and meas
ing the correlation period [11]. The chaotic regim
yields zero autocorrelation function and henceT =
0 (Fig. 9(c)). In the next subsection we will sho
that harmonic modulation to the feedback varia
allows locking one of the coexisting periodic o
bits.
3.2. Modulation of the feedback variable

In the laser with harmonic modulation of th
feedback variable Eq. (6) becomes

ẋ1 = k0x1
{
x2 − 1− k1 sin2[εx6(θ − T0) + (1− ε)x6

(12)+ ζ sin(2πf θ)
]}

,

whereζ is the modulation amplitude. The effect of th
modulation depends strongly on the modulation f
quency. We find that one of the coexisting periodic
bits can be locked when (i) the modulation frequen
Fig. 10. Time series of the intensity of a CO2 laser when feedback modulation withζ = 0.02 is applied at timeθ = 2.5× 104 with frequencies
(a), (b)f = 1/50, (c), (d) 1/T0 and (e), (f)fr = 7.25× 10−3. The periodicities of the initial states (a), (c), (e)T1 = 147.3 and (b), (d), (f)
T2 = 74.7.
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is proportional to the reciprocal delay time (f = n/T0,
wheren = 1,2, . . .) or (ii) the modulation frequency i
fixed (f = const). These cases are illustrated, resp
tively, in Fig. 9(b) and (c). Note, thatT , T0, f in the
text and figures are normalized toγr . In both cases the
modulation amplitude is relatively small (ζ = 0.02)
and there are ranges ofT0 where only one periodic
state exists.

The analysis of these results allows us to reveal
following main features of this kind of the control.

(i) Time dependent modulation of the delay varia
locks the state whose period is equal toT0, i.e.,
T = T0 (Fig. 9(b)).

(ii) Fixed frequency modulation locks a periodic orb
multiple of T0, i.e.,T = (i/j)T0 (i, j = 1,2, . . .)
(Fig. 9(c)).

Fig. 10 demonstrates the effect of the cont
modulation with the time series. The delay time
fixed atT0 = 140 and the control is switched on at tim
θ = 2.5 × 104. In the left-hand column the control
applied to the orbit with periodT1 = 147.3 and in the
right-hand column to the orbit withT2 = 74.7. One
can see that after transients both attractors und
crisis that leads to their destruction and the traject

Fig. 11. Stability boundary of the period-74.7 attractor in the C2
laser with periodic modulation of feedback variable. The cros
indicate the range where the period 74.7 does not exist. Fo
modulation parameters below the boundary two attractors
periods 74.7 and 147.3 coexist.
is attracted to the attractor whose period is equal to
period of the modulation.

In Fig. 11 we show the stability boundary (annih
lation curve) for the attractor with periodT2 = 74.7
in the space of modulation parametersζ andf . The
crosses indicate the region in the parameter sp
where the attractorT2 = 74.7 does not exist. Thi
region forms tongues whose minima are located
the relaxation oscillation frequency of the attract
fr ≈ 7.25× 10−3 and at the frequencies equal to a
proximately second and third harmonics offr . For the
parameters inside the tongues (above the annihila
curve), attractorT2 = 74.7 is destroyed and only a
tractorT1 = 147.3 remains. Thus, the modulation
the feedback variable makes the system monostab

4. Conclusions

In this Letter we have introduced a method
stabilization of a particular periodic orbit in a chao
system with feedback. First, we applied a time dela
feedback which allowed us to stabilize several perio
orbits embedded into the chaotic attractor and then
added a harmonic modulation to the feedback varia
to lock one of the periodic states and by such a w
to make the system monostable. The method has
demonstrated with a simple chaotic map (logistic m
and a laser model described a CO2 laser operating in a
chaotic regime of Shilnikov type.

The control of dynamical systems with multist
bility in order to destroy some of coexisting attra
tors while preserving the others is extremely imp
tant, especially for laser physics, where the multis
bility plays a key role in limitation of the performanc
characteristics. Recently, the control of multistab
ity in nonautonomous systems with coexisting attr
tors has been realized in semiconductor [38] and fi
lasers [39] with modulated pump parameter. This L
ter has demonstrated that multistability can be also
ficiently controlled in autonomous systems by mo
ulating feedback variable instead of modulation o
system parameter. We believe that the approach
scribed in this Letter may have a general applicatio
control multistability in nonlinear dynamical system
with feedback.
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