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The diffusion in a climbing-sine map near intermittency threshold is considered. A simple description is proposed
for particles dispersion at small and moderate times when the model reveals a crossover from anomalous to normal
diffusion and shows oscillations in the time dependence of low moments of the probability distribution function. For
larger times when flights of particles decorrelate, a different approach is employed that allows one also to take into
account the external noise. A universal scaling function is found describing the critical behaviour of the diffusion
constant under external noise near the intermittency threshold. The results of numerical simulations are in agreement

with the analytical formulas.

1. Introduction

It is well known that particles in regular fields
may move chaotically. Sometimes this motion
is diffusive, i.e. the particle moves infinitely far
from its initial position with time [1-9]. The
mean-square particle displacement may grow
asymptotically either as a linear (normal diffu-
sion) or nonlinear function in time (anomalous
diffusion). The most complete description of
the diffusion process is provided by the proba-
bility distribution P(r,t) to find the particle at
time ¢ at a distance r from the initial position.
However, the function P (r,¢) is not always con-
venient for the description of diffusion in ex-
periment or in numerical simulations since it
may be rather complicated or even fractal. The
approach based on the calculation of scaling dif-
fusion characteristics [1] appears to be a better
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tool. Computing the moments (r?) for different
g one can find a unique function y(q) that is
determined by the asymptotic expression

(rf) o 197(q)

as t — oo. Examples for using the generalized
diffusion exponent y (¢) in the description of the
diffusion of passive particles in hydrodynamic
wave fields are given in [1,2].

Diffusive motion of particles is also possible
in simple one-dimensional maps. The so-called
climbing-sine map

Xpy1 = Xn + Esin2nx, (1)

was considered in [3,4] where it was shown that
the chaotic sequence x, leaves the interval [0, 1]
when E > Ey = 1.73264... and x5 € [0,1] and
asn — oo, (x2) x 2Dn.For0< E - Ey < Ey, a
scaling of the diffusion constant

D = 0.371(E — Ey)'/? (2)

0167-2789/93/$ 06.00 © 1993-Elsevier Science Publishers B.V. All rights reserved 41



42 L.Sh. Tsimring / Critical diffusion behaviour near intermittency threshold

was found [3,4]. The effect of additive noise on
the onset of diffusion was also considered in [4]
and a universal scaling function describing this
transition and depending only on the combina-
tion (E — Ey)/o (where ¢ < 1 is the standard
deviation of Gaussian noise) was found.

It was pointed out in [3] that for £ — E, = 1
there appears in the climbing-sine map a region
of intermittency that leads to divergence in the
diffusion constant

1

D )
2V2e

R

(3)

where ¢ = | — E. A reason for this divergency
is the presence of very long laminar "flights” of
the length Ty x O(e~1/?) interrupted by short
chaotic bursts.

A more detailed study of the intermittent
diffusion was performed by Geisel and Nier-
wetberg in 1984 [5,6]. They calculated various
statistical characteristics like velocity correla-
tion function, power spectrum, mean-square
displacement and found a crossover behavior
when below a crossover line the mean-square
displacement grows like 7?2 and normal diffu-
sion begins larter on. The procedure of statisti-
cal averaging proposed in [5,6] implicitly uses
the assumption that the ergodicity is set once at
n = 0 and the number of particles which are in
the stage of flight does not depend on #. This as-
sumption is reasonable if one averages over var-
ious pieces of one very long particle’s trajectory.
If however one is averaging over the equiproba-
ble initial locations of the particle inside the in-
terval [0,1], this assumption does not work ini-
tially and ergodicity establishes only after a long
time O (e~!) which for small ¢ is much longer
than the length of the flight 7. That is why one
needs different models for the initial stage of
intermittent diffusion and for its final stage.

The present paper is concerned with the lat-
ter formulation of the problem, when the averag-
ing is carried out over initial locations. Results
of numerical calculations (see section 2) show

that as in [5,6], there is a crossover in the de-
pendence of (x,) on n such that for not too large
n ((xI))1/4 x n, while for n — oc, ((x#))1/9 x
n'/2. A characteristic feature in the behaviour of
the moments (x]) for small ¢ is now the pres-
ence of quasi-regular oscillations when n is not
too large. In section 2 we propose a simple sta-
tistical approach that allows for the description
of both these oscillations and the crossover.

After a long transient period ergodicity even-
tually establishes and an approach used in [5,6]
starts to work for our problem. Nevertheless, we
employ for this late stage the technique used in
[4], which also permits including additive noise
(section 3). In this case, there is no divergence
in the diffusion constant as £ — 1, instead it ap-
pears as a universal function of the parameters
¢and o.

2. Statistical model of particle dispersion in a
“correlated” regime

There are three types of particle motions de-
scribed by the climbing-sine map (1) depend-
ing on the amplitude FE: localized (regular or
chaotic) motion, motion with constant velocity
(running solutions):

xn+l=xnim7 m=1,2,... (4)

and diffusive random walks along the x-axis. In
the neighbourhood of the integral values of the
amplitude E # 0, a tangential bifurcation oc-
curs with a transition from diffusive to running
motion. In terms of nonlinear dynamics this is a
transition through intermittency of type I [10].
Near the first transition from diffusion to the
running solutions at £ < 1, the map (1) taken
modulo 1 has the form shown in fig. 1. Intermit-
tency appears near the points x; = %, % where
the map (1) (mod 1) can be represented approx-
imately in the form

Xn+1l = Xnt2nyxlite, (5)
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Fig. 1. Climbing-sine map (1) taken modulo 1 for E = 0.99
(e = 10-2). W, and W_ are basins of laminar motion in
+ and — directions, respectively.

where y, = x, — x1. When ¢ < 1, the image
point is for a while in the vicinity of the points
X+ corresponding to constant-velocity motion
along the positive or negative x-axis. The max-
imal length of these flights is determined in the
resonant approximation [3] from the differen-
tial equation

% = 27[2)(2 +& (6)
and is equal to Xy = (2¢)~!/2. After escaping
the neighbourhood of the intermittency point,
the particle performs a few chaotic oscillations
before arriving again in the vicinity of one of the
intermittency point x4 to start a new flight. It
can readily be shown (see,e.g., [3,11]) that the
distribution function for the lengths of the flights
has approximately the form

1

P(X) = oor

{1 + cot?[r(2)'2X]},  (7)
where L is the halfwidth of the regions W, of
laminar flights within mapping (1) (see fig. 1).
In particular, it follows from (7) that the average

length of the flights is exactly half the maximal
length, i.e. Xmean = 3 (26)7Y2.

It is natural for the calculation of the diffu-
sion characteristics of the climbing-sine map (1)
to consider an ensemble of particles with a uni-
form initial distribution on the interval [0,1].
We have already noted that when ¢ < 1, all the
particles move quickly to the neighbourood of
the intermittency points x4, i.e. they will soon
find themselves in the “running” regime.

We will make the following further approxi-
mation: we replace the distribution function (7),
having for ¢ « 1 two pronounced maxima, by a
sum of two J-functions:

P(X) = 3[6(X) + 6(X — Xp)] (8)

In this approximation, at { = (O (1) one half of
the particles starts flights X long, while the other
half immediately escapes to the region of chaotic
walks. This second group of particles is quite
soon (in the time O (1)) reinjected into the re-
gion of intermittency, half of them starting a long
flight and the other half being reinjected again,
and so on. Thus, after the time O(1) nearly all
the particles will be at the initial stage of the
flight but half of them will move to the positive
while the other half to the negative direction of
the x-axis. After the time 75 (= Xj), all the par-
ticles will escape from the intermittency regions
to the region of stochasticity and after another
the time O (1) they will be reinjected into the in-
termittency region and will start new flights. It
is easy to see that within this rather rough ap-
proximation, the problem of the diffusion in a
climbing-sine map reduces to the problem of a
particle that in equal time intervals jumps with
equal jump lengths in equiprobable directions.
(This problem is well known from probability
theory.) It corresponds to the Bernoulli scheme
and the distribution function of the particles at
time ¢ = nTj is described by the binomial dis-
tribution
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n
P(x,nTy) = zinZC,’,(S(x —(n-2Ty).
=0

9

Substituting the sum

HOx —kTy—1) + 5(x —kTy + 1)1,

instead of 6 (x—k Ty) in (9), we obtain the distri-
bution function of the particles at arbitrary time
t

1
2n+l

+d(x—(n-20Ty + 1)1, (10)

P(x,t) =

Y CHo(x—(n-20Ty—1)
=0

where 7 = t(mod Ty) and n = (¢ — 1)/ Ty,
Knowing the probability distribution (10) one
can readily calculate its gth moment

1 n
(Ix1%) =W2Crlx[|(n -2D)Ty —}?
=0
+(n =20 Ty + 7|?] (11)

It follows from (11) that for 1 < Ty we have

My = [x|9)V =1,

which corresponds to anomalous diffusion with
y(q) = 2. For t > T, M, increases monotoni-
cally with ¢t when ¢ > 2 and oscillates when g <
2 with the local minima attained at ¢ = 2/7,.
For large ¢ the envelope of the function M, (¢)
asymptotically approaches (2D¢)!/? with

D=1Ty = L(2¢e)" "2

(It i1s of no importance whether the envelope
passes through the minima or the maxima of
the function M,(z)). Thus, the model shows
a crossover between anomalous diffusion with
y(q) = 2 when ¢t < T and normal diffusion
when t > Ty. In the latter case, the diffusion

coefficient diverges as ¢~/ when ¢ — 0 and co-

incides, up to a numerical coefficient, with the
expression (3) that was obtained in [3] from
other considerations.

Of course, the model proposed is rather rough,
but numerical simulation of particle diffusion
in a climbing-sine map show good agreement
between theory and the data of our numerical
experiments. The calculations were performed
for 1000 particles distributed uniformly on the
[0,1] interval at time f = Q. Plots of the func-
tions M, (t) and M, (¢) obtained in the numer-
ical experiments with ¢ = 10~® and the theoret-
ical curves obtained from (11) are presented in
figs. 2a, 2b.

3. Diffusivity in a climbing-sine map with
external noise

As was pointed out in the introduction, the
model presented in the previous section is not
valid for sufficiently large ¢. The reason is that
a small spreading in the duration of flights and
of the random walks between the flights leads
in the time O(¢~') to a complete decorrelation
of the particles such that the number of parti-
cles, which perform a flight simultaneously, no
longer depends on time. In this case, however, a
different approach may be proposed which can
also include additive noise effects on the diffu-
sion characteristics of the particles motion in the
climbing-sine map near intermittency threshold.

Thus, consider a generalized climbing-sine
map

Xnyl = Xn + Esin2nx, + ¢, (12)

where & is a random variable with Gaussian dis-
tribution v (¢) and a standard deviation g < 1.
Following [4] we will introduce the distribution
function p, (x) which obeys the equation
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Fig. 2. Time dependence of the moments M), (¢) (a) and M, (¢) (b) of the probability distribution function for particles
in a “correlated” regime: solid lines show formula (11); triangles (A) correspond to the results a numerical simulation for

&= 10_6.

Pry1(x) = / dx/p,(x)u(é)

—00

xd(x — f(x) - &) ds, (13)

(in our case f(x) = Esin2nx). Integrating
(13) with respect to x from / to / + 1, we obtain
the probability for a particle to be in the /th unit
interval (/th cell) of the x-axis at time ¢ + 1 [4]:

I1+1

Pei(l) = /pz(x)dx
!

00 s{x)
= / dx/m(x)u(é)dé, (14)
—o0 gix

where g(x) = [/ -~ f(x)]/o and s(x) = [[ +
1 — f(x)]/o. Let us divide the probability dis-
tributions p (x) and p, (/) into two parts

pr(x) = pF(x) + p; (x),
pe() = pFr ) + p7 (), (15)

where 4+ and — correspond to the distribution
of the particles that arrived at the cell / from
left or right, respectively. With (14) taken into
account, it is easy to show that p* and p~ obey
the equations

s(x)

i) = / dx / P () (&) dé
I+1 g(x)
1+1 s(x)
+/dx / piF () (&) de, (16)
1 g(x)
I s(x)
a0 = [ & [ pv@a
—oo glx)
I+1 s(x)
+ / dx / pr (x)w (&) de. (17
l g(x)

When ¢ « 1, the integration with respect to &
in (16) and (17) may be performed explicitly
up to terms of the order of o exp(—102). The
resulting equations for pi (/) (cf. [4]) have the
following form:
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pt () = pr ()
{+1

=_% / piF (x){erfc[27 25 (x)]
/

+erfc[-27'2g(x)]1}dx

1+2
+ % //’t+ (x){erfc[272g(x)]
I+1
—erfc[27125(x) ]} dx
142
+ %/p,‘(x){erfc[Z“/zg(x)]
I+1
—erfc(2712s(x) ]} dx, (18)

p,;l([) “pli(l)
[ {+1
=—5 [ pr () {erfe[2725(x)]
1
+ erfc[-272g(x) ]} dx

1+2
+ % / pr (x){erfc[272g(x)]
{+1
—erfc[272s(x) ]} dx
[+2
+3 [ o eoterfel2 g ()
141
—erfc[2725(x)]} dx, (19)

where erfc(x) is a conjugate error function. For

large times the ratios p£ (x)/pi (/) cease to de-
pend on ¢ and / and converge to the invariant
probability distributions p* (x). Then, employ-
ing also the property of translational invariance
of the function f(x) (see {4]), eqgs. (18)-(19)
can be transformed to

ph () —pr )y =L[pt (U +1)~pF )]
+hylp, U+ 1) —pF (D], (20)

() —p () =Iilps U=1)—p ()]
+ Iyl (- 1) —p (D], (21)

where

1
L= %/p*(x)erfc[Z‘l/zf(x)/a]dx, (22)
0

1
I = %//)‘(X)erfc{2‘”2f(x)/0]dX» (23)
a

Relations (20), (21) constitute a system of dis-
crete master equations. A continuous analog of
them was employed, in particular, in [12] for
the solution of a particle performing a walk on a
one-dimensional lattice with the probability for
retaining the direction of motion in the next time
step equal to f; and the probability for changing
1t equal to Iy,

11 follows from the results of [ 10] that for large
times the particle’s mean-square displacement
from the initial state grows linearly with time:

(x?) o 2Dt
with the diffusion coefficient

D= T85 + R (24)
b

where a is the mesh of the lattice. In our case
a = land I + I, = 1, so that D = [¢/I}.
Explicit calculation of D needs knowledge of the
invariant probability distributions p* (x).

The invariant probability distributions p* (x)
near the intermittency points x4 can be found
from the stationary Fokker—Planck equation

d + 2 d%p*
a;[‘b(x)l) ]—GW="(X), (25)
where ¢(x) = f(x)(mod 1), and r(x) de-
notes the reinjection rate which is equal to the
particle flux through the intermittency region.
The invariant probability distributions have
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pronounced maxima at xy = %, % near the in-
termittency threshold (¢ « 1) and for ¢ <« 1.
Substituting the variables y+ = x — x4 and
expanding the function ¢(x) in the vicinity of
these points, eq. (25) takes the form

d d
—I[x 27[2 2+8 + —02—=r.
dXi[ (2rx1 +&)p~]

(26)

Ate <« 1 and o < 1 the gradient of the particie
flux r can be neglected in the region of localiza-
tion of the function p*(x). Then eq. (26) has
the following solution:

o0
—y~ C ~
+ _ + 22
P () =235 [ewl-L2n%E+0)
0
+ 27203 - %4 (27)
where 6 = ¢/0*/3 and the scaled variables p* =
6?3 p* and 7+ = 0237 have been used. The
integration constant C= is calculated from the
normalization condition

/p*(xi)dxi =1, (28)

which vields
Cy = +0?3V2x
fdc s 23)“
x(o/\/zexp[ 8- L) (29)

Invariant probability distributions p* (y+) at
different &’s are presented in fig. 3. If the total
number of particles is N, then $C4N denotes
the particle flux near the intermittency points
x4+ (for y+ = 0). It is easily seen that for ¢ < 1
and 0 <« 1 C. is related to r(x) within an
accuracy of O (exp(—10?)) by the formula

S
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Fig. 3. Invariant probability distribution p(x) in the vivin-
ity of the intermittency points x4 for three values of the
parameter § = g/a%/3.

X4 :
Cy = /r(x)dx, (30)

1
Xt

where (x/,x:) are the basins of attraction of
the intermittency points x., and x} as well as
x4 satisfy the equations

X +sin2ax = 3, -1 (31)

It follows from (30) that for small ¢, o the rein-
jection rate r(x) scales as Cy, so that one can
introduce an universal function R(x) through

R(x) = C7'r(x) (32)

(see fig. 4).

We can now determine I; and I,. First
of all note that for ¢ <« 1 the function
erfc[27/2f (x)/o] takes approximately only
two values: it is equal to 2 inside the region
W, and zero elsewhere. Actually, this reduces
expressions (22) and (23) to the form

L= /p+(x)dx,
W,
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Fig. 4. Scaled rate R(x) of reinjection into the basins Wy
for the climbing-sine map at e = 1 — E,0 < 1.

L= /p'(x)dx, (33)

W,

Taking into account the sharpness of the invari-
ant distribution p*(x) (see (27)) we obtain
I+ = 1 with the exponential accuracy. From
(33) it follows that Iy, is the ratio of the number
of particles AN that have escaped from basin W
of cell / — 1 to basin W of the cell / in one iter-
ation to the total number N/2 of particles that
have arrived to cell / from the cell / — 1. Appar-
ently, AN equals half of the number of particles
that have fallen within W, of cell / in one iter-
ation (the other half are the particles that have
fallen within W, from cell / + 1. Thus,

L = 2/r(x)dx - 2|Cil/R(x)dx
W, W

and the final expression for the diffusion coef-
ficient near the intermittency threshold has the
form

D = Ac™23d (g/a*/?) (34)

with

Y Y —— SR N — i
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Fig. 5. Universal scaling function (36) and data of computer
simulation for the generalized climbing-sine map (12) for
different values of the parameter ¢ and noise strength o.

T A a3
d(6) = —— | —=exp[-6(— ¢n°(°],  (35)
27:0/ ¢
-1
A= (/R(x)dx) & 0.43. (36)

These formulas show that ¢2/3D is described by
a universal scaling function that depends only
on the parameter § = &/0*3, as is typical in
the theory of phase transitions. For small 4,
D = Ac~*3d(0) = 0.29¢6-%3. When § > 1,
d() = (2rnd)~'? and D shows the same
asymptotic behavior as in (3) but with a slightly
different numerical constant. A plot of the func-
tion d(J) in (36) for 0 < 6 < 10 is shown in
fig. S5 together with data of a numerical simu-
lation of the climbing-sine map with Gaussian
noise (12). The numerical calculations were
performed for different values of ¢ and of the
parameter 6 in order to check the scaling law
(34), (36) in the diffusion behavior of the
climbing-sine map with noise (12). One can see
from fig. 5 that, in accordance with (33), all the
points in the (¢%/3D,e/0%3) plot are near one
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curve that agrees well with the universal scaling
function (36) at large enough values of § but is
somewhat underestimated by (36) at d < 1.

4. Conclusions

In this paper we have considered particle dis-
persion ruled by the climbing-sine map (1) near
the intermittency threshold ¢ = 1 — F <« 1.
The numerical simulations show that for not too
large times ¢ < Ty = (2¢)~/? the mean-square
particle displacement grows as ¢2 while for larger
t, (x?) « t. The same behavior characterises all
other moments M, = ((x?))!/9.In the crossover
region there are a number of quasi-regular os-
cillations with period 27T. A simple statistical
model proposed in the section 2 allows to de-
scribe the crossover as well as the oscillations
employing an approach, in which all particles
perform flights of equal length 7 starting simul-
taneously in any of two directions. This last as-
sumption fails for large time t = O(¢~') due to
decorrelation of particles.

For these large times regime the alternative ap-
proach is developed in section 3 which assumes
a total decorrelation of particles and the for-
mation of an invariant probability distribution
p(x). This model also takes into account exter-
nal Gaussian noise. As it was pointed out in 4,
for small ¢ there is the critical exponent —% and
therefore the divergency in the e-dependence of
the diffusion constant: D « ¢~ /2. With external
noise taken into account the diffusion constant
does not diverge for ¢ — 0. Instead, we have ob-
tained the universal scaling function ¢%/3D =
d(g/a*/?), where o is the standard deviation of
the noise. In the limit § = ¢/04/3 — oo this func-
tion recovers the critical exponent of D: D
£~1/2_ In the opposite limit, § — 0, D shows
crotical behavior in the intensity o of noise: d
023, The results of our numerical simulations
for the climbing-sine map with noise (12) are
well in agreement with the models proposed.

It is worth mentioning that statistic proper-
ties of intermittency in a logistic map with ad-

ditional Gaussian noise was studied in [13,14].

. It turns out that our universal function which

scales the diffusion constant in a climbing-sine
map up to notations and numerical constant co-
incides with the function which describe the av-
erage length of laminar segments in the logistic
map obtained in those papers by different way.
The very fact that different statistical character-
istics of different maps are essentially scaled by
the same universal function reflects the generic
property of the scale invariance near the thresh-
old of intermittency.
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