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ABSTRACT

We describe a concept in which an array of coupled nonlinear oscillators is used for beamforming in phased array
receivers. The signal that each sensing element receives, beam steered by time delays, is input to a nonlinear
oscillator. The nonlinear oscillators for each element are in turn coupled to each other. For incident signals
sufficiently close to the steering angle, the oscillator array will synchronize to the forcing signal whereas more
obliquely incident signals will not induce synchronization. The beam pattern that results can show a narrower
mainlobe and lower sidelobes than the equivalent conventional linear beamformer. We present a theoretical
analysis to explain the beam pattern of the nonlinear oscillator array.

Keywords: beamforming, array processing, nonlinear signal processing, coupled oscillators, nonlinear dynamics

1. INTRODUCTION

The phenomenon of synchronization of nonlinear oscillators is believed to play an important role in the processing
of sensory information in biological systems.1 Examples include image processing in the visual cortex2 and
acoustic sensing in the cochlea.3 Synchronization can result from the application of an external periodic
forcing to a nonlinear oscillator or from the mutual coupling of nonlinear oscillators. In this paper, we describe
a concept for a phased array receiver beamformer that relies upon both of these sources of synchronization:
incoming signals act as external forcings upon an array of coupled oscillators and the interaction of the two
effects determines the array response as the signal angle of incidence is varied.4, 5 We use this concept to
explore the issues involved with the incorporation of nonlinear dynamical systems into phased array processing
architectures. Such systems hold the potential for improving some aspects of beamforming such as resolution and
interference rejection relative to conventional beamformers. Given its relevance to biological signal processing
and the computational- intensiveness of systems of coupled differential equations, it is envisioned that real-time
operation of the beamforming concept described here would require implementation in analog form such as analog
VLSI. The use of coupled oscillator arrays for to steer beams for phased array transmitters has been studied
experimentally and theoretically.5–7 In this paper, however, we are concerned with the receiver problem, and
will present analytical and numerical results concerning the response of the nonlinear beamformer to incident
signals and noise.

2. BEAMFORMER DESCRIPTION

The conceptual design for the nonlinear oscillator array (NOA) beamformer is shown in Fig. 1 for the case of a
narrowband receiver. The design is similar to conventional delay-and-sum beamformers except for the addition
of a chain of coupled nonlinear oscillators prior to the signal summation.

Sensors and beam steering: The Hi are sensors, e.g., hydrophones, antenna array elements, etc., whose responses
are assumed to be linear and have spacing d. Denoting the phase difference between adjacent sensor elements
by ∆ϕ, a plane wave with wavenumber k incident at an angle θ relative to broadside will yield

∆ϕ = kd(sin θ − sin θ0), (1)
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Figure 1. Nonlinear oscillator beamformer for receiving narrowband signals

where θ0 is the steering angle of the array. Beam steering is accomplished as in conventional time-domain
beamformers via the insertion of delays τi of the sensor outputs. Separate beams will be formed in parallel so
that the architecture in Fig. 1, with the exception of the sensors, is duplicated for each beam.

Nonlinear oscillator array: The (delayed) output of each sensor, Hi, is input as a driving force, fi(t) , to its
respective nonlinear oscillator whose state we denote by xi. The components of the state vector xi may be taken
as the various voltages describing the circuit dynamics. The dynamics of each oscillator is governed by a system
of nonlinear ordinary differential equations of the form

dxi

dt
= F (xi, ρi) +

∑

j

κijxj + fi(t),

where F (xi, ρi) is a nonlinear function of xi. The parameters ρi are chosen so that, when uncoupled, each
oscillator will undergo oscillations at its natural angular frequency ωi. The second term on the righthand side
represents coupling between elements where κij is the strength of the coupling from element j to element i.
Since we are considering narrowband signals, the forcing term, fj(t), can be considered to be a slowly modulated
function around the carrier frequency, Ω.

Summer and matched filter: The outputs of the nonlinear oscillator array are summed and then input to a
matched filter. The outputs are summed according to

s(t) =
∑

i

wig(xi)

where g(xi) is a linear function of one or more of the components of xi. The weights can be used to shade
the array if so desired. For this paper, we will take g(xi) = xi and assume that the array is unshaded so that
wi = 1/N for all elements. The matched filter then correlates the beamformer output, s(t), with the signal
of interest such as the transmitted waveform for active systems. The inclusion of the matched filter here is
for specificity — alternative signal processing algorithms may be used for processing the beamformer output as
appropriate.

3. ARRAY RESPONSE

The NOA beamformer concept relies on the fact that the synchronization of an array of forced coupled nonlinear
oscillators to the forcing signal depends on the signal’s phase offset between elements; equivalently, the transition
between synchronized and unsynchronized states depends upon the angle of incidence of the incoming signal. The
oscillators are active devices which, in the absence of an incoming signal, oscillate at their natural frequencies.
The presence of an incoming signal sufficiently close to the steering angle causes the array to phase lock to the
signal. This transfers energy that would have been present in the array’s natural oscillations into the frequency
band of the incident signal.
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We now describe these dynamics in terms of the beamformer parameters. A monochromatic plane wave
of frequency Ωs, wavenumber k, and amplitude a0 is taken to be incident upon the array at direction θ. For
simplicity, we assume that the array is steered to broadside (θ0 = 0). The parameters ρi or the coupling
strengths κij can be set so that when the phase lag between oscillators is less than a certain critical phase
lag, |∆ϕ| < ∆ϕc, the array synchronizes and oscillates at the incident frequency Ωs. By (1), this phase lag
condition is equivalent to a limitation on the angle of incidence, |θ| < θc. When the phase lag exceeds ∆ϕc

there is no synchronization with the incoming signal. Instead, the individual oscillators oscillate at or near the
average or compromise frequency, ω, of their natural frequencies and the phase relationships between them are
not constant. Consequently, a signal incident within the mainlobe of the NOA beamformer, |θ| < θc, has a
power spectrum centered around the plane wave frequency of interest, whereas a signal incident in the sidelobes,
|θ| > θc, has a spectrum distributed primarily around ω with side peaks resulting from the nonlinear mixing
between the incident and natural frequencies. Thus, the location of the peak in the power spectrum can be used
to determine whether a signal is incident in the mainlobe or the sidelobes. This is not the case for conventional
linear beamforming where the array responds at the signal frequency regardless of the angle of incidence. The
NOA beamformer responds in a similar fashion to a modulated signal such as an FM chirp — the oscillators
follow the modulations only when the signal is incident in the mainlobe. We remark that, in order for the
dynamics to play out as just described, the natural frequencies ωi must not be too disparate from each other or
the signal frequency Ωs.

We have implemented a numerical simulation of the response of the nonlinear oscillator array to an incident
narrowband signal. A system of N nonlinear oscillators with nearest-neighbor coupling was simulated. The
dynamics obeyed by each oscillator were chosen to be that of a forced oscillator in the vicinity of a Hopf
bifurcation.1 This would correspond to a weakly nonlinear van der Pol oscillator for instance.8 The equations
for the interior oscillators are given by

dzn

dt
= (1 + iω0)zn − |zn|2zn + κ(zn+1 + zn−1 − 2zn) + f(t)ei(Ωst+φn), (2)

where zn is a complex scalar describing the state of the n-th oscillator and κ is the coupling coefficient, Ωs, and
φn are the input signal frequency and phase, and f(t) is slowly varying complex amplitude factor. The equations
are dimensionless for simplicity. The oscillators on the boundary satisfy free-end conditions:

dz1

dt
= (1 + iω0)z1 − |z1|2z1 + κ(z2 − z1) + f(t)ei(Ωst+φ1), (3)

dzN

dt
= (1 + iω0)zN − |zN |2zN + κ(zN−1 − zN ) + f(t)ei(Ωst+φN ). (4)

To represent an incident plane wave in the above equations, we set the amplitude to be a constant f(t) = a and
we choose a constant phase offset, ∆φ between the forcing signals of adjacent elements, so that φn = (n− 1)∆φ.
For an array with half-wavelength spacing, steered to broadside, ∆φ = π sin θ where θ is the angle of incidence.

The dynamics of an eight-element oscillator array are shown in Fig. 2 for randomly chosen initial conditions
for the oscillator states, zn. The case for no signal input is shown in Fig. 2(a). The array rapidly synchronizes
to the natural frequency, and the oscillator phases relative to the natural frequency frame are all constant and
essentially equal (the two bunches of lines in the bottom panel are separated by very nearly 2π). Figure 2(b)
shows the response for an incident plane wave signal with amplitude above that required for synchronization of
a lone oscillator. The array synchronizes to the forcing signal frequency as expected; the peak of the output
power spectrum has shifted to the signal frequency and all the oscillators maintain a constant phase relationship
with each other as the phase in the bottom panel now advances at the difference between the signal and natural
frequencies. If we now let the same strength signal be incident in the sidelobe region, as in Fig. 2(c), the array no
longer synchronizes to the signal frequency, but rather oscillates around the natural frequency. The primary peak
in the power spectrum is at the natural frequency. The side peaks are at multiples of the difference between the
the natural and signal frequencies and represent the combination tones resulting from the nonlinear interactions
of these two frequencies. The phase shown in the bottom panel indicates that the phase differences between the
oscillators are not constant although they are bounded. The changes in instantaneous frequency as seen by the
oscillations in the phase are a manifestation of the nonlinear interaction tones.
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