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Synchronizing High-Dimensional Chaotic Optical Ring Dynamics
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We study chaotic ring laser systems as possible elements in a communications system. T
useful it must be possible to synchronize the transmitter and receiver lasers. We show that ch
ring lasers can be synchronized using direct light injection from one laser into the optical cavit
the second. This synchronization occurs even when both lasers are quite high dimensional and
possesses many positive Lyapunov exponents. When the lasers are synchronized, the transmitte
can be modulated with information bearing signals and the message accurately recovered at the re
[S0031-9007(98)05715-9]
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The use of erbium doped ring lasers in communicatio
devices [1] led us to inquire whether such lasers cou
serve as the basis for optical communications while o
erating in a chaotic regime. Our work focuses on a sim
plified prototype of the actual erbium ring laser. Th
delay differential equations of our model arise by integra
ing the partial differential equations for the electric fiel
in the ring, so the source of high-dimensional dynamics
identified physically. We ask whether such optical system
can synchronize and support modulation and demodulat
of information bearing messages. Applications aside, w
demonstrate synchronization of high-dimensional dynam
cal systems with many positive Lyapunov exponents. O
ring lasers operate in a regime where the dimension$20,
using physically natural coupling to synchronize. The on
high-dimensional systems previously known to synchr
nize were constructed of cascaded low-dimensional su
systems which successively synchronize [2].

There have been earlier discussions of synchronizat
of chaotic lasers [3], also previous modeling of erbiu
ring lasers using delay differential equations [4]. Refe
ence [5] discusses communicating using chaotic lasers,
the method is quite different from ours. Our method
not restricted to small amplitude messages, and in [5] o
put from the transmitter is modulated. We modulate th
message signal into the transmitter dynamics then stabi
properties of the receiver assures accurate message re
ery. Recent results from VanWiggeren and Roy [6] e
perimentally confirm many of the effects discussed he
This includes high-dimensional dynamics and the abili
to modulate and demodulate messages using the meth
suggested here.

To augment the numerical evidence for synchronizatio
we analyze the system’s largest conditional Lyapun
exponent (CLE) [7]. This linear criterion is useful an
powerful as long as unstable sets are not close to
synchronization manifold. The boundary determined b
direct simulation is near that predicted by the exponen
Also, the lasers synchronize for a broad range of coupli
parameters, improving the chance of success for a pract
realization.
0031-9007y98y80(14)y3153(4)$15.00
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The literature discusses using chaotic communication
for secure or encrypted signaling. We do not addres
this issue. There is a distinction between such comm
nication as a means of using channel capacity and a
additional potential for security. Wide-band signaling in
optical systems is interesting, independent of whether th
methods are cryptographically secure. Some strategies
secure communications based on low-dimensional dynam
ics appear susceptible to algorithmic time-series attac
[8]. Short also argues that systems with many positiv
Lyapunov exponents, such as our ring laser, might re
sist these schemes. We have not investigated our meth
cryptographically.

We study a “laser” which has no polarization (impor-
tant in the erbium system), no imperfect passive medium
such as an optical fiber, making up the ring, and simpl
fied atomic physics of the active medium. Power come
from externally injected light at a frequencyvI , possibly
offset from the optical frequencyv0 of the lasing line,
and through pumping of population inversion. The basi
model was introduced by Ikeda some years ago [9], thu
we call the system the Ikeda Ring Laser (IRL).

Our model IRL consists of four mirrors with finite
reflectivity arranged at the corners of a square. (Se
Fig. 1). Light with electric field EIeisvI 2v0dt (in the
coordinate system rotating atv0) enters the ring via the
upper left mirror and passes through an idealized two
level atomic system. On departing the active medium
the light reflects off four mirrors with net reflectivityB
and reenters the active medium. The external injectio
and external pump add power, andB , 1 attenuates it.
After a straightforward derivation we arrive at a discrete
time map for the complex electric field amplitudez std at
a fixed spatial location coupled to a differential equation
for the spatially averaged population inversionwstd:
z st 1 tRd ­ EIeisvI 2v0dt 1 Beikz stdesb1iadwstd

dwstd
dt

­ Q 2 2ghwstd 1 1 1 jz stdj2seGwstd 2 1dyGj ,

with tR the propagation time around the ring.b and a

are nonlinear gain coefficients andg the atomic decay
© 1998 The American Physical Society 3153
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FIG. 1. Schematic of unidirectionally coupled Ikeda ring lase
systems.

rate related to transitions between lasing photons and
external loss bath,G is another gain-related parameter
k is the phase acquired by a plane wave traversing t
ring. Measuring time in units oftR we see that only the
dimensionless quantitygtR is important in the dynamics.
Physically we cannot varyg, but we can changetR by
varying the length of the cavity. Our time scale choose
tR ­ 1. Physically accessible time scale variations a
expressed as changes ing.

This is a delay differential system. Such systems m
exhibit both low-dimensional and very high-dimensiona
behavior: complexity generally increases with the dela
time. We integrated with a simple fixed time step,dt
being chosen so thatgdt ­ 1023. The value forwstd
is advanced onedt using a standard fifth order Adams
predictor-corrector scheme, asdwydt explicitly depends
only on wstd and jz stdj2. At t the value forz st 1 1d is
computed from the map and saved for future use.

We chose parameter values corresponding to the st
dard “Ikeda map,” often used as an example of a two d
grees of freedom chaotic system [10]. We recover th
Ikeda map in the limitg ! `, G ! 0, vI ­ v0, and
dwydt ­ 0,

z st 1 1d ­ EIeisvI 2v0dt 1 Beikes2b2iadys11jz stdj2dz std .

Identifying our parameters with canonical values [10
yields EI ­ 1, B ­ 0.9, k ­ 0.4, b ­ 0, a ­ 6, and
vI ­ v0. From a related experiment [4] we estimat
G ­ 0.01, and choseg ­ 1 and Q ­ 0 for the calcu-
lations reported here. WhenvI fi v0, the dynamical
structure can be more complex than we report here, a
similarly whenQ . 0. We will report on these situations
in a larger report of this work. In the matters of synchro
nization and modulation for information transmission
3154
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though, there is no change from the behavior reported
this short note. We have investigated a wide range of v
ues ofg, and forg larger than order 0.5, the dynamics a
chaotic, and the essential features are the same as rep
here for g ­ 1. The time-asymptotic dynamics ha
sufficiently high dimension that the standard time-ser
analysis tools used for low-dimensional chaos, such
correlation dimension, false nearest neighbors, etc. [1
fail to give useful results. Specifically, false neare
neighbors calculations did not show low dimensionali
with any embedding dimension up to 12, beyond whi
we fail to have confidence in the algorithm.

We can, however, evaluate the entire spectrum of L
punov exponents directly from the equations and use th
to estimate the dimension [11]. Specifically, we find th
exponents of the predictor-corrector integration algorith
This is a map taking the state vectorSs jd of the system
to the state one time stepdt later: Ss jd °! Ss j 1 1d ­
MfSs jdg. Ssjd is large:2N 1 5 components for a time
interval of N ­ tRysdtd parts. 2N are from the saved
values of z , one for wstd, and four for recent deriva-
tives of w used in the integration. We find the Jaco
bian DMsSf jgd of the map along the trajectory of th
system simultaneously generated by the integration al
rithm. The Jacobian is too large to represent efficiently
an explicit matrix in the computation, but its sparsene
allows us to write a subroutine to multiply an arbitrar
vector byDMsSf jgd, and thus, any matrix, by operatin
on columns independently.

The Lyapunov exponents are evaluated by a varian
the standard recursive QR algorithm [10]. Given an in
tial random orthogonal matrixQf0g with 2N 1 5 rows
andNL columns (whereNL # 2N 1 5 is the number of
Lyapunov exponents to evaluate): successively multi
by DMsSf1gd, DMsSf2gd, . . . , DMsSfkgd up to a normali-
zation intervalk, perform the explicit QR decomposition
resulting inQf1g and Rf1g. The LAPACK subroutine li-
brary offers standard routines to perform the QR deco
position for nonsquare matrices, needed since typica
NL ø 2N 1 5. Accumulate the sum of the logarithm o
the NL diagonal elements ofR, and repeat starting with
Qf1g. In the asymptotic time limit, the averaged loga
rithm of R’s diagonal converges to theNL largest Lya-
punov exponents. This requires QR decompositions o
large full-rank matrix, but it is not required frequently
The calculation time is dominated by the evaluation
DMsSfkgd. The overall algorithm is a numerically supe
rior version of the Gram-Schmidt orthogonalization us
by Farmer [12]. From the exponentsli , we chooseK
such that

PK
i­1 li . 0 and

PK11
i­1 li , 0, and form the

Lyapunov dimension [11]DL ­ K 1
PK

i­1 liyjlK11j.
The main free parameter governing the dimension isg:
for g $ 0.5, DL increases nearly linearly withg. At
g ­ 1, the Lyapunov dimension is about 22.

We investigate the synchronization of twog ­ 1 IRLs.
The coupling is unidirectional: the unaltered output
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a transmitter feeds into a receiver; this is depicted
Fig. 1. After investigating a variety of coupling scheme
we settled on the following:

z1st 1 1d ­ ffz1std, w1stdg ,

dw1stdydt ­ gfw1std, jz1stdj2g ,

zCombstd ­ s1 2 cdz2std 1 cz1std ,

z2st 1 1d ­ ffzCombstd, w2stdg ,

dw2stdydt ­ gfw2std, jzCombstdj2g .

The free running transmitter has state variablesz1std and
w1std. Into the receiver we inject the transmitted electr
field z1std, scaled byc, along with a fractions1 2 cd
of z2std. Whenz1std ­ z2std the equations are precisely
the same. Ordinary synchronization is thus possib
and generalized synchronization [13] is not require
It is not physically possible to couple the populatio
inversion dynamics, so no information aboutw1std is
transmitted to the receiver. Whenc was larger than
ø0.3, synchronization was observed for a wide range
parameter values.

We computed the mean time to achieve synchronizati
over an ensemble of initial conditions. Two IRLs wer
run with c ­ 0 for a sufficiently long time for each to
reach asymptotic behavior. The coupling was then turn
on. We evaluated the timets past whichjz2std 2 z stdj
remained less than some small value for allt up to some
largeT . If the systems do not synchronize, the average
ts over the ensemble,ktsl, would beT . Synchronization
is exhibited byktsl ø T . Simultaneously, we computed
the CLEs offz2std, w2stdg, evaluated along the synchro
nization manifold,z2std ­ z1std, w2std ­ w1std, with z1std
andw1std treated as given in the evaluation of the Jacobia
The results of our computations are shown in Fig. 2(a).

In Fig. 2(b) we plot the largest CLE and the averag
time to synchronization as a function ofc. A largest CLE
below zero is necessary, but not sufficient, to guaran
synchronization [14]. In our system, the difference b
tween them was small: the largest CLE becoming negat
is a good predictor of the boundary of synchronizatio
Though not shown,w1std and w2std also fully synchro-
nized:jw1std 2 w2stdj converged to zero.

With c ­ 1 the receiver is an “open loop” demodulato
of any signal modulated ontoz1std. In this special case,
we may prove thatjw1std 2 w2stdj approaches zero faste
than e22gt , and when this occurs,z1std °! z2std too.
Write the equations for two coupled IRLs withc ­ 1,

z1st 1 1d ­ ffz1std 1 mstd, w1stdg ,

dw1stdydt ­ gfw1std, jz1std 1 mstdj2g ,

z2st 1 1d ­ ffz1std 1 mstd, w2stdg ,

dw2stdydt ­ gfw2std, jz1std 1 mstdj2g ,

wheremstd is added to the electric field amplitude of th
first laser. The outputz1std is nonlinearly dependent on
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FIG. 2. (a) Mean time to synchronization and (b) largest CL
for g ­ 1.0. The average time to synchronization starts
sharply decrease from the maximum run time (which implie
no synchronization) at approximately the same coupling whe
the largest CLE becomes negative.

mstd. Subtract the differential equations,

dfw1 2 w2g
dt

­ 22ghw1 2 w2

1 jz1 1 mj2eGw2 seGfw12w2g 2 1dyGj .

SinceeA 2 1 $ A andeA $ 0 for realA,

dfw1 2 w2g
dt

# 22gfw1 2 w2g h1 1 jz1 1 mj2eGw2 j ,

showing thatjw1std 2 w2stdj ! 0 faster thane22gt . We
found numerically that the size of the electric field is larg
enough that even wheng is quite small, as in the erbium
case, the productgjz1std 1 mstdj2 remains order unity
or larger. This means that the communications meth
suggested by us will be robust against noise contaminat
which bumps the system off the synchronization manifol
Similar reasoning shows the maps forz1std andz2std also
converge:jz1std 2 z2stdj ! 0. This synchronization is
independent of the external pumping and the pumping r
Q, so the application of this result to the equations for th
erbium ring laser is direct.

The second laser receivesz1std 1 mstd and produces
z2std ­ z1std in its optical cavity. This allows us to re-
covermstd from the difference betweenz2 and the trans-
mitted signal. The basic idea works for any invertibl
3155
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combination ofz1 and mstd. In a real connection be-
tween lasers the properties of the optical fiber chann
must be considered, but here we have taken it as a p
fectly transmitting, lossless, dispersion free medium. W
implemented this idea using a sample of speech from o
of the authors. In Fig. 3 we show the message (upp
panel), the actual transmitted Refz1stdg (central panel),
and the recovered message (lower panel) for both p
fect parameter matching (solid line) and a 1% differenc
in g between transmitter and receiver (dashed line). Ev
with parameter mismatch, fidelity is good. We have ob
served successful recovery of messages using significan
smallerc using the obvious generalization of the modula
tion method to closed loops, starting withc $ 0.3. Also
using binary messages of61 and a suitable digital deci-
sion rule, we have found bit error rates#1025 even with
mismatches ing of as much as 50%.

In summary, we have developed a theoretical model f
an “Ikeda ring laser” which is an unpolarized represent
tion of the essential dynamics in an erbium-doped fib
ring laser. We have successfully synchronized two su
systems described by delay-differential equations, even
the deeply chaotic regime, using an experimentally acce
sible coupling scheme. This work is a prelude to inves

FIG. 3. A segment of speech (upper), Refz stdg as modulated
by the message and sent from transmitter to receiver (middl
the recovered message (lower). In the lower panels the so
line is for exact parameter match between transmitter a
receiver; the dashed line results wheng in the receiver is 1%
larger thang in the transmitter.
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tigating high bandwidth information transmission utilizing
chaos in coupled ring-laser systems. It also confirms th
synchronization and information transmission using high
dimensional optical chaos is mathematically feasible. F
nally, we note again that VanWiggeren and Roy [6] hav
experimentally verified the essentials of our methods fo
synchronization of and communication with chaotic ring
lasers.
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