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Abstract

The bound state of two dislocations known as a penta-hepta defect (PHD) is a generic object in hexagonal patterns. Its
motion provides an important mechanism of wavevector(s) selection. In this paper the structure and dynamics of penta-
hepta defects in hexagonal patterns is studied in the framework of envelope equations. Analytical solution for phase field
of moving PHD is found in the far field, which generalizes the static solution due to Pismen and Nepomnyashchy (1993).
The mobility tensor of PHD is calculated using combined analytical and numerical approach. The results for the velocity of
PHD climbing in slightly non-optimal hexagonal patterns are in good agreement with numerical simulations of amplitude
equations. Interaction of penta-hepta defects in optimal hexagonal patterns is studied numerically.
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1. Introduction

It is widely recognized that defects play an impor-
tant role in the wavevector selection in nonequilibrium
cellular patterns. Considerable effort has been devoted
to analysis of the structure and dynamics of disloca-
tions in roll patterns (see [ 1]). Dynamics of defects in
more complicated composite patterns such as hexago-
nal patterns attracted less attention. A hexagonal pat-
tern is formed as a superposition of three plane waves
oriented at 120° with respect to each other. They ap-
pear naturally in a large variety of pattern-forming sys-
tems in fluid dynamics [2,3], optics [4], chemical ki-
netics [5], etc. The most generic defect in hexagonal
pattern is so called penta-heptadefect (PHD) whichis
a bound state of two dislocations of opposite winding
numbers on two different wave systems (2,6]. In the
paper [7] we have demonstrated that the mechanism

which provides binding force is the synchronization of
the phase fields in the bulk of the system so the reso-
nant condition for phases can be fulfilled everywhere
except the core of the defect. After the penta-hepta de-
fect has been created from two dislocations attracted
to each other, it stays immobile in an ideal hexagonal
pattern. Meanwhile, observations of penta—hepta de-
fects in non-Boussinesq Rayleigh-Bénard convection
and in other systems demonstrate that PHDs in fact
move slowly and eventually annihilate or disappear at
the boundaries [8]. It is conceivable that the motion
of PHDs is caused by interaction with each other and
other imperfections of the real hexagonal patterns, in
particular by detuning of wavenumbers of the under-
lying waves from the onset value. Recently, in a num-
ber of papers, such imperfect hexagonal patterns have
been studied theoretically. In Refs. [9-11] stability
limits of equilateral hexagons with non-optimal (but
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equal) wavenumbers were found; in Refs. [12-14]
non-equilateral (rhombic) patterns were investigated.

In this paper, we will focus on the motion of PHDs
in non-optimal hexagonal patterns. The analysis will
be carried in the framework of three coupled am-
plitude equations for complex amplitudes of individ-
ual waves. These equations constitute the simplest
heuristic model for hexagonal patterns and play es-
sentially the same role here as the complex Ginzburg-
Landau equation for oscillatory media or the Newell-
Whitehead—-Segel equation for roll patterns in isotropic
media.

In Section 2 we start from the amplitude equations
and deduce the equations of motion of a PHD in a gen-
eral form. These equations relate the velocity vector
of the penta-hepta defect with corrections to the onset
value of the wavenumber. Defect is driven by a linear
superposition of two Peach-Kohler forces from indi-
vidual modes, since only two singular modes (modes
with dislocations) affect the defect motion in the first
approximation. The velocity vector is related to the
Peach-Kohler forces via a mobility tensor. The mo-
bility tensor for the penta-hepta defect is calculated
in Section 3. In the core region, stationary numerical
solution of 2D amplitude equations is used, and in the
far field the analytic solution of phase equations cor-
responding to stationary moving PHD is found. The
overall mobility tensor is obtained by combining the
two contributions. The resulting closed set of algebraic
equations for PHD velocity vector contains only three
numerical O(1) constants. In Section 4 we compare
predictions of the theoretical model with direct numer-
ical integration of amplitude equations. Section 5 con-
tains the results of numerical investigation of interac-
tion of PHDs in optimal hexagonal patterns. Contrary
to our expectations, these results are at least in qualita-
tive agreement with oversimplified theory which treats
each defect motion in a static field of the other. Sec-
tion 6 summarizes the results of the paper.

A short account of this work has been published in
letter [15].

2. Amplitude equations

The order parameter of the hexagonal pattern is
written in the form a = €!/2 2;1 Ajexp(ik;r) +
c.c., where € is a small parameter characterizing the
distance above onset, all three |k;| = kg, an onset
wavenumber of the symmetry-breaking instability, k;
points at the x direction (polar angle ¢ = 0), and k23
point at ¢ = +2u/3, respectively. Complex ampli-
tudes A; are slow functions of R = €'/?r and T = et.
A; satisfy the following triplet of equations [10]:

drA;=pAj+ A A%, — (AP + ¥4
+¥|Aj1P) Ai + (nj - V)2A;. (1)

Here n; is the unit vector oriented along the wavevec-
tor of wave j,

n=(1,0), m=(-41v3),
ny= (-1, -1v3), (2)

index j is defined modulo 3, the coefficient of
quadratic nonlinearity is rescaled to unity, u is the
rescaled supercriticality parameter, y is the ratio of
the coefficient of cubic interaction of rolls of different
orientation to the coefficient of cubic self-interaction,
and spatial gradients are calculated with respect to
slow variable R. Asterisks denote the complex con-
jugate. The applicability of these equations to the
description of real hexagonal patterns has been dis-
cussed earlier [7,10,16].

Since we are interested in non-optimal hexagonal
patterns, we will take the complex amplitudes A; in
the form A; = B;exp(iK;R), where vectors K; are
rescaled corrections to the optimal wavevectors k;,
E;':] K; = 0 as the resonance condition must hold
for non-optimal patterns as well. The equations for B;
follow directly from (1),

drB;=(u~ K;)B; + B}_ B},
—(|B;* + ¥|Bj-1|* + ¥|Bj1]*) B;
+(n; - V)?B; +2iK;(n; - V)B;, (3)

where K; = (n; - K;). Eqs. (3) have a family of
uniform stationary solutions, B?, of which only the
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equilateral one (K; = K) can be expressed in a simple
analytic form,

BY=B) =B =8,

_ 1+ V1T +4(u - K (1 +2y)
- 2(1+2y)

(4)

In a general case of different K; the amplitudes B;
are different, and the solutions are known as rhombic
patterns. Stability properties of nonequilateral rhombic
patterns were studied recently in Refs. [12,13] .

A spontaneously formed hexagonal pattern is usu-
ally defect-ridden. Various defects have been de-
scribed in the literature (see, for example, [3]). Most
of them are not stable and either disappear quickly or
transform into basic penta-hepta defects. As it was
mentioned before, PHD is a bound state in which any
two modes have dislocations with opposite winding
numbers. It is easy to conclude that this defect is
stationary in the optimal hexagonal pattern with all
K; = 0. In fact, it follows directly from the variational
nature of the model (1) (see [17]). Without loss
of generality we will consider a particular form of
the penta-hepta defect with positive dislocation in
mode 2 and negative dislocation in mode 3. Mode 1|
contains no dislocations. A corresponding solution to
(1) can be written in the form

Aj = Fi(R,¢) kP (5)

where R and ¢ are polar coordinates, fc Vé,ds = 0,
$o Vbr3ds = £27, F15(0,¢) =0, Fi_3(00, ) =
By, and C is a closed contour encircling the origin.
This solution cannot be expressed in a closed analytic
form. However, in the far field where all the ampli-
tudes approach asymptotic value By, the following re-
markable solution for the phase fields #; depending
only on the polar angle ¢ has been found [16]:

0= (1 —cos2¢)%\/§,
0r=¢ — [} —cos(2¢ — %77)]%\/3,
=—¢—[%—cos(2¢+%7)]é\/§~ (6)

In order to find the equations of motion for the
penta-hepta defect in the non-optimal hexagonal pat-
tern we will employ the calculation method outlined

in [18]. Namely, we assume that PHD moves with
a constant velocity V, so the solution of (1) can be
written in the form

Aj=Bj(R—VT)e*rk (7

Transforming into a moving frame R = R — VT then
yields the set of stationary equations for B;( R') which
coincides with (3) with dr replaced by —VVB;,
~VVB;=(u—K})B; + B}_B;},,
—(Bj|* +¥Bj-1* + 7|Bj+1|") B
+(n; - V)B; + 2iK;(n; - V)B,;. (8)
To find a relation between V and K; we project (8)

onto its two orthogonal translational modes, {dxB;}
and {(9)/3; },

LaVs + LyV,y

3
= -i<ZK,-aXB;(n,-V)Bj—c.c.>, (9)

J=1
LWV + 1V,

3
——i<ZKj¢9yB;(nj -V)B; —c.c.>, (10)

=

=(S o )
oot

[xyzl)}:%<zaxBjayB;+C.C.>y (11)

=

where

and (---) = [[--- dXdY. All other terms from the
r.hs. of Eq (8) vanish upon integration under usual
boundary conditions at infinity. After simple transfor-
mations the resulting equations take the form

I " 1”) (Vx> (Tl)
I-V= = R (12)
(Iyx Iyy Y n

where I is a contravariant mobility tensor,
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Ty =—V3n[|BY*K, + | B2 K31,
T, ==[|BY*Ks — |BY|*K;]. (13)

Here we used the formula
(9xB;dyBy) — c.c. = 2mid;| BO, (14)

where 8; is a winding number of the dislocation at the
particular mode, 8; =0, and 8,3 = +1, respectively.

We will also need an alternative form for the equa-
tions of motion (12) written in the coordinate frame
(£é,7m) where £ = X cosy + Ysinys is the coordinate
along the defect motion, and = Ysing — X cosy
orthogonal to that (¢ is the angle between the direc-
tion of defect motion and X-axis). Projection of (8)
onto {9¢B;} and {3,B}} yields

I gy vy (T,
() (0)=(7):

where

3
Ig =<Z |0531|2>,

J=1

3
Ly = <Z |‘9nBj|2> ,
j=1

3
14:.,7 =lpe = % <Z afBja,,B;‘ + C.C.> s

j=1
T, =2m[|BY*K, sin(y — 2

—|BY) Ky sin(y + 2m) 1,
Ty =2m(|BY*K; cos(¢p — %)

~|BY* K3 cos(y + 2mr)]. (16)

3. Mobility tensor of a penta-hepta defect

The first conclusion which can be drawn from (12)-
(16) is that indeed PHD is immobile in ideal hexag-
onal patterns with K; = 0. Magnitude and direction of
motion of PHD in non-optimal pattern is determined
by the wavevectors of the modes containing singular-
ities and the mobility tensor I

The well-known difficulty in treating equations of
motions for topological defects is that integrals en-

1=

tering their mobilities diverge at large distances when
stationary solutions are used in the integrands. Indeed,
with the static phase approximation solution (5),(6)
components of 1 diverge logarithmically at both small
and large R. Evidently, the phase approximation is not
valid at small R where stationary solution of full am-
plitude Eqgs. (3) should be employed. The more seri-
ous problem arizes at large R. Of course, one can in-
troduce an ad hoc large-scale cut-off due to finite-size
effects, and therefore the mobility will be logarithmi-
cally dependent on the size of the box. This may be
relevant only for small systems ( VRpox < 1). Another
possibility widely considered in the literature for reg-
ular dislocations is to use solutions corresponding to
moving defects ! . It has been shown that in this case
the integrals converge and therefore a finite velocity of
dislocations can be found even in the large box limit
(VRpox > 1). In this section, we will calculate the
mobility of the moving penta-hepta defect in the spirit
of the calculation scheme [17,18], i.e. assuming that
all K; are small, therefore the velocity of PHD is also
small, and all O(K?) corrections in the r.h.s. of (3)
can be omitted. For |V| < 1, the solution describing
moving defect differs from the stationary one only at
large distances R ~ V™! > 1, where the phase ap-
proximation is well justified. Therefore, the region of
integration for the components of the mobility tensor
can be split into two parts; in the inner region (R <
Ry, where 1 < Ry < | V|~!) the stationary PHD so-
lution can be used, and in the outer region (R > Rp)
the phase approximation can be used to simplify the
task of finding the moving PHD solution. So, the mo-
bility tensor can be rewritten in a form

2 1 2
D+ 1D 1 1D
I +1P 1) + 18

19 +12 1D 4 12
l(l)+1(%) ](1)+1(2) ) (mn

! Strictly speaking, the asymptotic matching procedure outlined
in [19) is a better method to avoid divergencies in such prob-
lems. Unfortunately, in the present context, it does not seem feasi-
ble to implement. Note, however, that tedious asymptotic analysis
of vortex motion in a real Ginzburg-Landau equation [19] pro-
duced results which agreed quantitatively with the simpler, albeit
mathematically less rigorous approach [18] employed here.
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Fig. 1. Near field components of mobility tensor I_i}) and llf.;.) as
function of Ry. Results of direct simulations of amplitude equations
(1) with g = 1, ¥ = 2 have been used. Logarithmic dependence
on Ry is clearly seen.

We expect that at R =~ Ry stationary phase approxima-
tion solution (5),(6) should be applicable, and there-
fore

11D =g B2 In(C! "V REY),
I =a; B In(CL{ P RG).
100 =Blc, (18)

where from (6), a; = 7w /2, ay = 37/2. C,(n” can be
only functions of parameters w and v, but C,(nz) can
also depend on V itself (subscripts [ and n stand for
either x or y). In virtue of symmetry of the stationary
solution with respect to X-axis, C{!> = 0, and /(2
is independent of Rp. After adding'lwo parts of the
integrals together radius Ry should drop out.

Let us first consider the inner region R < Ry. Un-
fortunately, even the simplified problem of finding the
static PHD solution of (3) near the core cannot be
reduced to ODE. All we can do is to find the station-
ary solution numerically by integrating 2D amplitude
equations (3) for any given g and y (for a detailed
discussion of numerical simulations of the amplitude
equations see Section 4). In Fig. 4 of Ref. [7] the
structure of the penta-hepta defect is shown for a par-
ticular set of parameters . = 1,y = 2. In Fig. 1 com-
ponents /() and /{1’ are shown as functions of Ry for
the same values x4 and v. They indeed behave logarith-

mically as expected with ay = 10.78, a; = 4.17 which
is in good agreement with exact prefactors following
from the phase approximation. Constants C,(,,l) can be
extracted from these dependencies. For the chosen pa-
rameters, C{}) = 0.86, C{!’ = 1.28. Constant C{}
was found to be < 0.01.

Now we calculate the second part of the mobility
tensor using the phase approximation, or by assuming
that the amplitudes of all three waves are constants.
The components of the mobility tensor will take the
form

3
17 = <Z|B?|2(ax0,-)2>,

=l

3
Iy = <Z|B?!2(aye,)2> :
j=1
3
1) = <Z IBj-’|2axeay0,-> , (19)

=

where angular brackets now denote the integration
over the R > Ry region. The simple-minded approach
consists in using the static solution (6) in these ex-
pressions. We already mentioned before that in this
case the integrals diverge logarithmically, so the finite
answer can be obtained only for the finite size box,
and the consistency of calculation can be checked a
posteriori by verifying condition VRyox < 1. Direct
calculation using (6) gives

18P = 2B In(Ryox/Ro) .
1.} = 3B In(Roox/ Ro),
1;\2) 20, (20)

so summation of (18) and (20) produces the same
result (18) with Ry replaced by Rpox. The condi-
tion of validity of this approximation is therefore
KRuox[In Rpox] = < 1, where K = O(K;).

In the more natural opposite limit we have to correct
the solution by finding the phase field of a moving
defect. To this end we will use the stationary phase
equations in the moving frame (cf. [7,16]),

—(V-V)8; = -Bysin® + (n; - V)0, (21)
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where @ = 6| + 6, + 63. To account for the phase
winding around PHD, we have to impose circulation
conditions @, (R,27) — 61(R,0) = 0, 6,(R,27) —
0:(R,0) = 2m, 03(R,27) — 85(R,0) = —2m. Fol-
lowing [16], we can exciude sin® from (21) and re-
place 8; by — (82 + 63) since the total phase @ con-
verges to zero in the far field. The remaining equations
can be conveniently written for the variables 8% =
0> + 63,

V-Vo* + 365, + 165 = 1V3ey,,

V-Ve + Loy + 26, = 1304, (22)
Subscripts at the phase variables #% here and below
denote partial differentiation. In order to preserve the
circulation conditions for % and 6,

T (R,2m) — 6" (R,0) =0,
0T (R,2m) — 61 (R,0) =4m, (23)
we should introduce appropriate source terms on the
r.h.s. of (22). Without loss of generality, we place a
branch cut along the direction of the defect motion
£ > 0, » = 0. We also rescale space variables by the
modulus of the defect velocity V. As a result we obtain
0; + %g;x + %g;ry = %\/39)5

~3V3msin2y & (£)H(n)

+1V3r(4sin’ g — 1)8(£)8(n),
OF + i0xx + 10m = $V30%

+7(2sin® Y + 1)8' (Y)H(x)

+amsin2y 6(£)6(n) +4md(E)H(n). (24)
Here 6(x) is a Dirac delta function, and H(x) is a
Heaviside function. Solution of (24) can be found in

Fourier space (we present here the Fourier images of
derivatives 025" ),

~ 27ri , o
o = __gkf(kf — k2 + dikycos ¢y — Likysing)Q,

e
~ 2ari
6} = _%kn(kf, — I2 + dikycos ¢ — dikysing)Q,

87 = —4mil (2k,k% + K3) sinys + k} cos
By a2 - im0

8, = —4mi[ (2k,k% + k) cos ¢y + ky sin
—3(4k; + 2K2 — 4ikg — kgky sin 24
—kZcos2¢) 10, (25)
where
Q = [(K® + dike) (K + 2ike) 17" (26)

Solutions (25) can be readily inverted back to the real
space by making use of two useful Fourier integrals,

/ 2mikeQe™ d*k
=F(&,m)
[ Ko(2R)e %/ — Ko(2R)e ¥],

/ 2k Qe™ d*k

= G(fsn)
= 1[3Ko(2R)e ™% — Ko(2R)e %%} + 3¢F (27)

Here Kj is a modified Bessel function of zeroth order.
The resulting expressions for phase derivatives read

1 .
o} =7§[‘3—‘F§ +sin2¢ (2Fg — 3Fy)
+c0s 24 (3F¢ + Fpy — Fgo) 1,

1 .
oy = :/-?[%F,, +8in 24 (2Fyy — §G)

+cos 24 (%‘F,, +Gy — Fg) d,
0; =2F +2G, — ¥F,

+5in 2 (Fgg — Fyy — 3Fp)

+cos 24 (2Fg — 8Fy),
0, =—2Fg + 2Fpy + $(2F; + G — 2F)

+sin2¢ (Fgy — Gy — §F)

+cos 20 (2F,, — 8G), (28)
(subscripts £ and 7 at F, G denote partial differentia-
tion). Analysis of expressions (28) shows that, as in
case of moving dislocations in roll patterns [17,18],
phase distortions decay exponentially in front of the
defect (at ¢ — oc) and decay algebraically behind

the defect (at £ — —o0). Distributions of 9,8, _3 for
V =0 and V = 0.1 are shown in Fig. 2.
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Fig. 2. Isolines of dy#) ;3 for immobile PHD (a)-(c), and a PHD moving along X-direction (d)-(f).

Using expressions (28) it is convenient to compute
the longitudinal lf(fz) and cross 1;3) terms in (17) (we
do not need the component of the mobility 1, orthog-
onal to the direction of motion):

2) _ 2 - - +32
Iy = B8 + {6, +6/)" + 167 — ;).
2) _ - N
15 =B(6[67 + L(6; +0})(6; +6;)
+%(9g—9§+)(0; —-6,)) (29)
(here (- - -) means integration outside the circle of ra-
dius VRg). In virtue of symmetry of functions F and
G with respect to n-axis many terms in resulting ex-
pressions vanish upon integration. The final expres-
sions are relatively simple (tedious intermediate alge-
bra was performed using the MAPLE V package),
Ig) =B§(g| + g2¢os 2¢ ),
1§} = Bl gy sin 24, (30)

where

0
81=(2G) + 3Gy ~ FgeFpy + 190F2 + 4F,
32 ) 2, 4052
—3FGy + %Fmel + 3 Foy +4F + '9_Ff)’
82 =(32F} + §FiF,y + 4F} — BF,G,
+4Fg, Gy + 2 F}),
83=(3(—F¢Fpy — 4FgF + 4F} 4+ AF,,F
~2FyG + 2FgG) — ¥F,G - BF2 + F},
—4Fgy Fy — G2 + FL — F%). (31)
Integrals g _3 can be reduced to one-dimensional ones
by analytic integration over the polar angle from 0 to
2. The resulting one-dimensional integrals over the
radius should be computed from VR to oo (we return
now to original space variables). Numerical integra-
tion yields g = —¢;In(5;VRyp),1 = 1,2,3, with ¢) =
7.90,c7 = ¢3 = 3.15,51 = 53 = 0.78,57 = 0.73. The

above quite cumbersome calculation can be verified
using simple relations between tensor components

1§ = Liccos  + Iy sin’ ¢ + L, sin 240,
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1D = 1(1yy = Ley) sin 2 + Ly cos 24, (32)

and (18). From comparing (30) with (32) it is easy
to conclude that conditions

Ha—a) =ca=a, j(a+a)=c (33)

should hold, which indeed is true within the accuracy
of numerical integration.

It remains to combine (18) with (30) to obtain the
expressions for mobility tensor components for PHD.
Making use of (32) again, we get

Igg =BYm(TInC{} cos’ ¢ + 31InC\) sin’ ¢
—51In(s;1V) — 21In(s2V) cos 2]
=—Bj[3mIn(wi V) + 7 cos 24 In(waV) ]
gy =B3im[3InC{)’ — 7InC|} +41n(s3V) ] sin2¢
= B2z sin 2 In(w3 V), (34)

where w) = 1.24, wyp = 1.14, w3 = 2.00.

Now we can substitute (16) and (34) into (15).
Since we already assumed all three K; small, without
further loss of accuracy we can take in (16) all three
|Bj| = Bp after which it is cancelled. In this way we
obtain a set of two nonlinear algebraic equations for
V and ¢,

%Vln(wl V) 4+ Vin(w, V) cos 2¢
= 2K sin(¢ — 37) + 2K;sin(y + §7),
(35)

Vin(wsV) sin2¢ =2K; cos(y — )
—2K;3cos(yf + _%Tr) (36)

In these equations there are only three O(1) constants
which (for small X;) are functions of parameters u,y
only 2. For each set of these parameters together with
K| _3 a unique velocity vector V is found. In the next
section we will compare predictions of this asymp-
totic theory with numerical simulations of amplitude
equations.

2More precisely, constants s;-3 are universal and only
Cg) . C)(,yl) which come from the core contribution, depend on »
and vy.

Egs. (15) have been written for a particular penta—
hepta defect with positive dislocation in the second
mode, negative dislocation in the third mod and no
dislocation in the first mode. For brevity, it can be
labeled as (0,1, —1). As we discussed earlier, due to
synchronization of waves a sum of three indices must
be always zero. In general, there exist only three topo-
logically different penta-hepta defects, (0,1,-1),
(1,0, -1), (1,-1,0), and their mirror images (con-
jugate defects) (0,—1,1), (-1,0,1), (~1,1,0).
The equations of motion for two other penta-hepta
defects, (1,0, 1), (1,—1,0) can be obtained from
Eqgs. (36) by cyclic relabeling of K23 and replac-
ing ¢ by ¢ + 3m. For conjugate PHDs, the mobility
tensor remains the same, but the r.h.s. of equations of
motion change sign. Obviously, for conjugate defects,
V*=Vand y* =¢ + .

4. Numerical simulations of amplitude equations

Numerical simulations of the set of amplitude equa-
tions (3) were performed using a split-step method.
Linear parts were integrated using FFT, and nonlinear
parts were calculated using the Euler integrator. Typ-
ically we used 256x256 spatial harmonics with pe-
riodic boundary conditions; physical system size was
100x 100 or smaller, and the time step was chosen 0.1.
In all examples described below u =1, vy =2.

As initial conditions we usually take (0,1, —1) de-
fect placed in the middle of the integration domain. To
diminish an effect of periodic boundary conditions we
introduce a circular ramp at R > 0.4/. The location of
the core of PHD was determined by finding minima
of |By|, | B3|, and the velocity vector was calculated
from the linear regression of time variations of X and
Y coordinates of core.

At first we took K; = K> = 0 and varied only the
wavenumber correction K3. In Fig. 3 the magnitude
and angle of the velocity vector found from (15) are
plotted together with the results of direct numerical
simulations. From the theoretic model we expect only
weak logarithmic dependence of ¥ on K3, and indeed,
simulations demonstrate that the direction of motion
stays practically unchanged, except for the jump of 7
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Fig. 3. Velocity vector of a PHD (0,1, —1) as a function of
wavenumber correction K; at K| = 0, K3 = 0; (a) magnitude,
(b) angle with respect to X-axis, parameters u = |, ¥ = 2. Solid

lines - theory, Egs. (36), open circles - numerical simulations of
(3) with system size L = 40, solid circles - same for L = 100.

when K3 changes sign. The magnitude of the velocity
scales almost linearly with K. Quantitative compari-
son indicates that both the direction of motion and the
magnitude of velocity are in a good agreement with the
theoretical predictions. We checked the importance of
finite-size effects by computing velocity for a smaller
system size L = 40. The results remained practically
unchanged.

Now we take K| = 0 and both X, and K3 non-zero.
InFig. 4 the magnitude and angle of the velocity vector
are shown as functions of K, for a fixed value of Ks.
Now, the direction of PHD motion strongly depends
on the combination of the wavenumber corrections.
Again, as in the previous case, the velocity vector is
predicted quite well by the asymptotic theory. In a
particular case K, = Kj it is easy to see that ¢ = 0
satisfies system (15) exactly, so the PHD in this case
moves along X-axis, i.e. parallel to the wavevector of
the first (non-singular) mode.

At last, we checked the case when all three K are

0.20 - T T

> 010 f 4

0.05

1.0 3'0 T T
b

0.0 1

-20 P

,30\— " L

-0.4 -0.2 0.0 0.2 0.4

Fig. 4. Same as in Fig. 3 with K3 =0.1.

non-zero and varied the value of K;. Eqs. (15) pre-
dict that for small K; there should be no effect of
K, on the dynamics of PHD. Only at large K; when
the amplitudes deviate significantly from the value By
(this effect was neglected in Section 3 to simplify the
mobility computation) the penta-hepta defect starts
to “feel” K,. Numerical simulations also confirm this
prediction (see Fig. 5). Notice that even if all three
wavevectors are equal (but non-optimal), PHD still
moves along the X-axis.

5. Interaction of penta—hepta defects

One is tempted to apply the equations of motion
(36) directly to the interaction of two PHDs. Indeed,
when two PHDs are far enough, they interact entirely
through the phase perturbations. Each defect distorts
the phase field and therefore creates a slightly non-
optimal hexagonal pattern at the location of another
defect. This simple-minded procedure can be justified
if one of two defects is pinned and therefore its phase
field is the one of static PHD (6). Such pinning can
occur due to a local inhomogeneity in the system,
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Fig. 5. Velocity vector of a PHD (0,1, —1) as a function of

wavenumber correction K| at K, = K3 = 0.1, The velocity is
nearly independent of K.

or may be achieved, for example, by applying active
localized control, as described in Ref. [20]. In this
case the velocity vector of the “free” PHD is described
by Eqs. (36) with wavenumbers K in (36) replaced
by n;- VOJ(-O) respectively, where 91(-0) is the static phase
field (6) of the pinned defect. The more realistic case
of two free defects is usually much harder, since the
phase field of each defect is neither static (6), nor
stationary moving (28). Indeed, if we assume that the
field is static, and estimate the convergence velocity
for a distance R, we obtain VR ~ 2 which clearly is
inconsistent with this assumption. Strictly speaking,
the phase field “remembers” the whole previous path
of the defects.

In this section we present only the results of numer-
ical simulations of interacting penta-hepta defects. To
separate the interaction from climbing due to an am-
bient strain, we now consider an optimal hexagonal
pattern (all K; = 0). Trajectories of defects vary sig-
nificantly with types of interacting defects and their
initial positions. In Figs. 6a—d several families of PHD
trajectories are shown. The result of interaction (at-

traction or repulsion) of two PHDs, (81,8},68)) and
(8%,83,83), depends on the number

3
12
N:Zé‘jb‘j. (37
=

Clearly, this number can only take values of
-2, —1, 1, and 2. If N < 0 defects attract each other,
and in all other cases they repel each other. Fig. 6a
illustrates the attraction of two conjugate defects,
(0,1,—1) and (0,—1,1) (in this case N = —2 and
defects are attracted). After collision pairs of dislo-
cations at modes 2 and 3 annihilate, and thus perfect
hexagonal pattern establishes. Two PHDs of the same
type, (0,1, —1) (here N = 2), as expected repel each
other (Fig. 6b). More interesting is the case of two
different PHDs, say, (0,1,~-1) and (—1,0,1), as
shown in Fig. 6¢. In this case N = —1, and defects are
attracted again, however complete annihilation does
not occur. Instead, conjugate dislocations at mode
3 annihilate, and remaining dislocations at modes
1 (from the first PHD) and 2 (from the second
PHD) immediately form a new penta-hepta defect,
(—1,1,0). As this defect is alone, and the ambient
strain is absent, the defect stays put. Fig. 6d shows
the trajectories of (0,1,—1) and (—1,0,1) PHDs
(N =1). In this case defects are repelled.

In Fig. 7 the distance between two cores is shown
as a function of time for interacting (0,1,—1) and
(0, —1, 1) defects. The rate of convergence varies with
initial positions of defects. Attraction is strongest for
defects aligned along Y-axis, and weakest for defects
aligned along the X-axis. Fig. 7a plots the data in the
linear coordinates, while Fig. 7b presents the same
data in the logarithmic coordinates. Rather unexpect-
edly, one can see that over large time intervals the data
is consistent with R o T'/2 law, which in turn suggests
V o R™! scaling. Up to logarithmic corrections this
scaling is what one could expect in the static approxi-
mation discussed above. We are unable to explain why
this seemingly invalid approximation works reason-
ably well in this case. Futhermore, the same scaling is
observed for other PHD configurations as well.
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Fig. 6. Trajectories of interacting penta-hepta defects. Open circles
indicate positions of the defect cores with time interval AT = 2.5.
Arrows point toward directions of motion; (a) (0,1, —1) (solid
arrow) and (0, —1,1) (dotted arrows); (b) (0,1, —1) (solid ar-
rows) and (0,1,—1) (dotted arrow); (¢) (0,1,—1) (solid ar-
row) and (—1,0,1) (dotted arrow); (d) (0,1,—1) (solid ar-
row) and (1,0, —1) (dotted arrow). For each case, four sets of
initial conditions are taken (they are labeled 1-4 in the figures).
In the cases (a),(c) penta-hepta defects attract each other, and
in (b),(d) they are repelled.

6. Conclusions

In this paper we investigated the motion of penta-
hepta defects in slightly non-optimal hexagonal pat-
terns. The penta-hepta defect represents a bound state
of two opposite-signed dislocations on two (of total
three) different wave modes. Thus, the penta-hepta
defect is a composite anisotropic and even in the phase
approximation no scale transformation can reduce the
problem to one dimension as in the familiar cases of
a Ginzburg-Landau equation [18,19] or a Newell-
Whitehead-Segel equation [ 17,21]. We adopted a po-
tential model of three equations for complex ampli-
tudes of resonantly coupled triplet of modes (1).

Similarly to the well-studied case of dislocation mo-
tion in roll patterns, PHD is stationary only in the
perfect pattern with wavenumbers of all three modes
equal to the onset value (in hexagonal patterns it does
not correspond to the boundary of zig-zag instabil-
ity). In non-optimal hexagonal patterns PHD is driven
by the superposition of two Peach-Kohler forces, cor-
responding to two singular modes. Unlike the well-
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log-log coordinates. Straight line shows R o< T!/2 law. Labels 1-4
correspond to different initial positions of the defects, as shown
in Fig. 6a.

studied case of dislocation motion in roll patterns,
the direction of motion cannot be readily determined
from symmetry considerations and must be found to-
gether with the velocity magnitude from governing
equations. Theoretical analysis and numerical simula-
tions were performed in order to find the velocity vec-
tor of PHD as a function of wavevector corrections.
The main problem was to compute the mobility tensor
of penta-hepta defect. In the core region we used a
numerical solution of stationary amplitude equations,
while in the far field an analytic solution of phase
equations has been found. The facilitating factor is that
since amplitude equations in the lowest order do not

contain high derivatives (see Refs. [7,16] for discus-
sion), the phase approximation yields linear equations
for the phase in the far field. Finally, matching the nu-
merical 2D solution for the PHD core with the ana-
lytic solution for the phase in the far field allowed us
to arrive at closed expressions for the mobility tensor
and obtain the algebraic equations for velocity magni-
tude and direction. These equations contain only three
O(1) numerical constants. For any given combina-
tion of wavevector corrections these equations give a
unique velocity vector for PHD. Comparison of the
theoretical predictions with results of numerical sim-
ulations of (3) showed good agreement in both the
direction of PHD drift and the magnitude of velocity.

We also studied pair interaction of penta-hepta de-
fects in unstrained hexagonal patterns. PHDs attract
or repel each other depending on the parameter N in-
troduced in Section 4. Due to the anisotropic struc-
ture, PHDs do not move along the line connecting
their cores, and so the trajectories of interacting de-
fects may be rather complicated. Furthermore, when
two attracting PHDs collide, they do not necessarily
annihilate, but may give birth to another PHD with a
different topological structure.

Clearly, Egs. (1) represent only a simplest possible
model for hexagonal pattern formation. More realis-
tic models derived from first principles (see, for ex-
ample, [14]) usually include non-variational terms.
This makes the dynamics of penta~hepta defects yet
more interesting. Nevertheless, we expect that major
features of PHD dynamics described in this paper will
remain unchanged, at least on a qualitative level. We
believe that detailed experiments with thermoconvec-
tion or parametric ripples similar to ones which have
been performed for dislocations in roll patterns [22]
could test predictions of our theory.
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