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Linear Algebra Review

CSC2515 — Machine Learning — Fall 2003

Abstract— This chapter provides a quick review of basic ~ In summary, the entire study of mutiple-input multiple-

linear algebra concepts. Itis quite condensed, as itattentp output linear functions can be reduced to the study of vec-
to do in a few pages what many books do in 500. tors and matrices.

I. VECTORS ANDMATRICES

Linear algebra is the study of vectors and matrices andl. M ULTIPLICATION, ADDITION, TRANSPOSITION

how they can be manipulated to perform various calcu-

lations. What do the two words “linear” and “algebra” Addmg up two vectors or two matrices is easy: just

have to do with vectors and matrices? Consider functioggd their corresponding elements. (Of course the two

which take several input arguments and produce sevefhgs being added have to be exactly the same size.)

output arguments. If we stack up the input arguments inffultiplying a vector or matrix by a scalar just multi-

a vectorx and the outputs into a vectgrthen a function plies each element by the scalar. Multiplying one vec-

y = f(x) is said to bdinear if: tor by another gives a scalay which is known asn-

ner/scalar/dot producbf the two vectors. It is the sum of

Blox + fy) = of (x) + () (1) the products of the corresponding elements of the vector:

for all scalarse, 8 and all vectorsk, y. In other words, X'y = >, ziy;- When we take the dot produgt x of
scaling the input scales the outpahd summing inputs & vector with itself we get the (squaredyrm or squared
sums their outputsNow here is the amazing thing. Alllength of the vector, writtefjx||2. This measure adds up
functions which are linear, in the sense defined above, dag sum of the squares of the elements of the vector. (The
be written in the form of a matri¥ which left multiplies Frobenius normof a matrix |A[? does the same thing,

the input argument: adding up the squares of all the matrix elements. This is
equivalent to adding up the norms of all the rows, and also
y = Fx (2)  to adding up the norms of all the columns.)

HereF has as many rows as outputs and as many columnd "€ MOst interesting operations to study are matrix-
as inputs. Furthermore, all matrix relations like the onéeCtor and matrix-matrix multiplications.  Vectors are
above represent linear functions from their inputs to théiPthing more than matrices with a dimension of size one,
outputs. [Try to show both directions of this equivalencedNd matrices are nothing more than a bunch of vectors
This use of matrix multiplication and vector addition i$tacked vertically or horizontally, so the two operations
why we use the word “algebra” to describe linear algebré® actually intimately related. Matrix-matrix multipli-
We will use the notatiom:; for thei*” element of a vector cation can be thought of as a sequence of matrix-vector
and F;; to specify the scalar element at tifé row and multiplications, one for each column of the right hand ma-
jth column of the matrixF. We can flip, or “transpose” trix. The results get stacked beside each other in columns

a matrix if we want to interchange its rows and column&? form the resulting matrix. Alternately, we can think
For this we will writeF™ : (FT);; = Fj;. of column vectors of lengttt as justk by 1 matrices

A final interesting fact is that the composition of twgnd row vectors a$ by k£ matrices; this eliminates any
linear functions is still linear [try to show this also]:re@l distinction between matrix-matrix multiplicationdan
9(f(z)) = GFx = Hx = h(x).! matrix-vector multiplication.

version 1.3 — September 20036 Sam Roweis, 2003 The_ best way to thlnk of an by m matrlx Fis ?S a
UIf we think of the inputs and outputs as values running alonglachine that eats: sized vectors and spits outsized
“wires” and the functions as “components” we can build aniyciat”  vectors. This conversion process is known as “(left) mul-

we like (assuming the values on the wires add when they maeit) "’tiplying by F” and has many similarities to scalar multi-
it will still be linear. The manipulations of matrix multiigiation and licati but al few kev diff
vector addition correspond to running some wires througbrapo- plication, but also a few key diiterences.

nent and to connecting wires together. Like scalar multiplication, matrix multiplication idis-
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tributive andassociative have at least as many rows as columns. Also, they must
not map any two inputs to the same output. Technically
F(a+b) =Fa+Fb ()  this is means they must hafidl rank, a concept which is
G(Fa) = (GF)a (4) explained in appendix ??.

The last important concept is that of a matrix determi-

(The associative property means you can think of the Masn;  This is a nonnegative scalar quantity, normally de-
T[I‘IX productGF as the e_quwalent linear operator_you g%oted|A\ or det(A) which measures how much the ma-
if you compose the action df followed by the action of 1, «stretches” or ssquishes” volume as it transforms its

G; indeed this is almost a definition of matrix products.)inn ts 0 its outputs. Matrices with large determinants do
_ Remember,,the machine only accepts inputs of the ”%E)t of stretching (of spheres) and those with small deter-
size: you can’t multiply just any vector by just any Mag,inants to a lot of squishing. Matrices with zero determi-
trix. The length of the vector must match the number of, i 4 tyally collapse some of their input space into a line
columns. of_ the matn)_( to its left (or the number of rows 'Br hyperplane (pancake) in the output space, and thus can
the matrix is on the right of the vector). We could alwaygg thoyght of as doing “infinite squishing”. (Technically
transpose the matrix to gives a new matrix of the Correg, say that they have “less than full rank”.) Convention-
dimensions to accept as input vectors of the size that g, e geterminant is only defined for square matrices,
original matrix produced as outputs. But be careful: muf; there is a natural extension to rectangular ones using
tiplying by the transpose does not undo or reverse the gl singular value decompositiowhich is covered later
fects of multiplying by the original matrix. Such a role i§y, s chapter. Notice that even if a matrix has a large
played by thematrix inverse and it is only very special gy a1y determinant it does not meant that it does a lot of
matrix matrices (called unitary matrices) whose tran5p0§ﬁetching (squishing) in all directions. It may do some

is equal to their inverse. o _ __ stretching and some squishing, but on average it blows up
Of course, unlike scalar multiplication, matrix mUIt'p"'(shrinks) volume

cation is nocommutativeIn particular, for matrix-vector

multiplication the sizes almost never match,J&o # aF

in general. [Try to think of a case in which the sizis IV. FUNDAMENTAL MATRIX EQUATIONS

match.] For matrix-matrix multiplication, the sizes may The two most important matrix equations are the sys-
match if one matrix is the same size as the transposeten of linear equations:

the other, but the results of the multiplications will be-dif

ferent, so agailfG # GF in general. Ax=b (6)

and the eigenvector equation:
I1l. I NVERSES ANDDETERMINANTS

We have two more important concepts to introduce be- Ax = \x (7)
fore we get to use matrices and vectors for some concrete
tasks. The first is the concept of reversing or undoing which betweeen them cover a large number of optimiza-
inverting the function represented by a matex For a tion and constraint satisfaction problems. As we've writ-
function to be invertible, there needs to be a one-to-ofn them abovex is a vector but these equations also have
relationship between inputs and outputs so that given thatural extensions to the case where there are many vec-
output you can always say exactly what the input was. tars simultaneously satisfying the equatiohX = B or
other words, we need a function which, when composédX = AX.
with A gives back the original vector. Such a function
— if it exists — is called thénverseof A and the matrix V. SYSTEMS OFLINEAR EQUATIONS
corresponding to it is thmatrix inverseor justinverseof - . .
A, denotedA—!. In matrix terms, we seek a matrix that A centra! problem N Imee_lr alggbra 's the solution of a
left multiplies A to give the identity (do-nothing) trans-sys'[em of linear equations like this:
;or;n, Wh(;ch of course is represented by ttentity matrix Su 44y +22 = 12
sty — Uy

Only a very few, special linear functions are invertibleTypically, we express this system as a singlatrix equa-

For starters, they must have at least as many outputstiaa something like this:Ax = b, whereA is anm by
inputs (think about why), in other words the matrix must matrix, x is ann column vector and is anm column
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vector. The number of unknownsisand the number of we've got this finite collection of vectors (the columns
eqguations or constraints is. Here is another simple ex-of A) and we'd like to blend them together to form a new

ample: vector b), what coefficients should we use?
[ 2 -1 ] [ T ] _ [ 1 ] Either way, the matrix equatiodx = b is an al-
1 ) 5 most ubiquitous problem whose solution comes up again

How do we go about “solving” this system of equa@nd again in theoretical derivations and in practical data
tions? Well, usuallyA is known, and we are trying to @nalysis problems. One of the most important applica-
find anx corresponding to the on the right hand side. tions is the minimization of quadratic energy functions:
This kind of equation is really a problem statement. It sajs A 1S Symmetric positive definite then the quadratic
“hey, we applied the functiod and got the outpu; what 10'm x"Ax — 2xTb + ¢ is minimizedat the point where
was the inputc ?” The matrixA is dictated to us by our AX = b. Such quadratic forms arise often in the study of
problem, and represents our model of how the system Wgar models with Gaussian noise since the log likelihood
are studying converts inputs to outputs. The vettgs Of data under such models is always a matrix quadratic.
the output that we observe (or desire) — we know it. THE'® humble task of fitting a straight line through some
vectorx is the set of inputs — it is what we are trying td?0ints on a graph reduces to this kind of minimization.
find. This is your first introduction to a hugely important
concept: model inversion, dmference o A. Solving forx: Linear Least Squares

Remember that there are two ways of thinking about
the system of linear equations above. Oneoiswiseas  Letus now turn to the process of “solving” the equation
a set ofm equations, or constraints that correspond gedx = b to find a suitablex. As we said above, we can

metrically tom intersecting constraint surfaces: think of the rows ofA andb as encoding constraint sur-
faces in which the solution vectarmust lie and what we
201 —z9 = 1 are looking for is the point(s) at which these surfaces in-
T1+T2 = 9 tersect. If there is a unique intersection point, that'siobv

ously what we would like to find. Of course, the surfaces

The goal '.S to find the _pomt(s),. for example, z2) .may not intersect, in which case there is no exact solution
above, which are at the intersection of all the constraint,: . . . .

satisfying the equation; what should we do in that case?
surfaces. In the example above, these surfaces are

. . . . . We' typically need some way to pick the “best” approxi-
lines in the plane. If the lines intersect then there is a sin- . . ) .

o . : mate solution. Finally, the constraints may also intersect
gle solution, if they are parallel, there is no solution, anq L . )
; - L along an entire line or surface in which case there are an
if they are coincident there are an infinite number of solu-

tions2 In hiaher dimensions there are even more eomtlenﬁnity of solutions; once again we would like to think
' 9 9 atoout which one of those might be the “best”.

ri really! in general ther nben lution . . . .
c cases (really!), butin general there can be no solutio SLet’s consider finding exact solutions first. The most

one solution, or infinite solutions. . . . . : .
’ : : .. naive thing we could do is to just find the inversefoand
The other way to think of the systemdslumnwisdn : _
solve the equations as follows:

which we view it as a single vector relation:

“ [t

The goal here is to discover which linear combination(§}nich is known aramer’s rule

(z1,22), if any, of then column vectors on the left will  There are several problems with this approach. Most

give the one on the right. The problem statement now Bhportantly, mostA’s you encounter in the real world
?Remmber that finding given A andx is pretty easy—just multiply. won't be invertible. (In fact most of them won't even

And for a singlex there are usually a great many matricesvhich  pa square.) But even for invertible, explicitly comput-

satisfy the equation: one example — assuming the elemestdohot . . . . o
sum to zero —ib17 / 3" (x). The only interesting problem left, then,mg the inverse of a matrix and then multiplying by it is

A 'Ax=A"1b
x=A"'b 9)

is to findx given A andb. a computationally expensive and potentially numerically
3How can this occur? Imagine an equation ljke—1]x = 4. This unstable operation.
equation constrains the difference between the two eleséstto be In fact, there is a much better way to find the solution,

4 but the sum can be as large or small as we want. As you canrread.j. 4 : . )
appendix 22, this happens because the mairix [1, 1] has anull 4hd it turns out that this better way also helps us to an

spaceand we can add any amount of any vector in the null spase toSWer the qU?Stion Of_What is the “best” approximate solu-
without affectingAx. tion whenx is not unique. Let us declare that we want a
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solutionx™ which minimizes the following error function: B. Linear Regression: solving fat

N 9 The discussion above focused on the case of a sin-
e = ||Ax* — b|| . :
o - - gle unknownx, with A andb given. Now let us con-
=x AAx—=2x A'b+b'b (10)  sider what happens if we have many vectéss,} and
b- {b,}, all of which we belive to satisfy the same equation

This problem is known a$inear least squaresfor o .
vious reasons. It has some amazing properties. First‘Ab"f” = b, If we stack the vectors,, beside each other
s the columns of a large matrk and do the same for

all, if there is an exact solution (one giving zero error)§ o B te th bl | i
will certainly minimize the above cost, and so that's wh eguZtig;r'n , We can write the probiem as a large matrix

we will choose. But if there is no exact solution, we can
still find the best possible approximation, in the sense that
the x we choose will give the smallest sum squared errdhere are two things we could do here. If, as befaye,
when approximatind with Ax. is known, we could try to findX given B. (Once again
If we take the matrix derivative (see Chapter ??) of thfinding B given X is trivial.) To do this we would just
expression, and set it to zero, we can find the minimizirapply the technique above to solve the syster), = b,
solutionx*: independently for each column
x* = (ATA)'ATb (11) But there is something else we could do. If we were
which takes advantage of the fact that ever\ifis not giV(_en_bothX andB we could try to find asingIeA_w_hich .
invertible, AT A may be. satisfied _the e':quaporjs. In essence we are fitting a lin-
gar function given its inputX and corresponding outputs

What if the problem is degererate, i.e. there is mo Thi blem | lled ion O .
than one exact solution (say a family of them) which alf 'S problem IS calle@inear regression nce again,
ere are only very few cases in which there existsAan

achieve zero error? [Another possibility is that there aF
[ P 4 hich exactly satisfies the equations. (If thereXswill

no exact solutions, but there is a family of approxima\é( di bl But ¢ thi h
solutions which all achieve the same minimum (nonzer square and invertible.) But we can se Ings up the
same way as before and ask for tkast-squares\, i.e.

error.] hich minimizes:
We can extend the error function approach above omf"t which minimizes.

step further to_g_et around this problem also. The tr_lck is e — Z 1A%, — by |2 (15)
to go for theminimum norm(shortest) vectox that still ~

minimizes the error. This breaks the degeneracies in both _ _ ) _
the exact and inexact cases and leaves us with solutiof*S Pefore, we can derive the optimal solution to this
vectors that have no projection into the null spacdofn  Problem using matrix calculus. The answer, one of the
terms of our cost function, this corresponds to adding &St famous formulas in all of mathematics, is known as

AX =B (14)

infinitesial penalty onx"x: thediscrete Wiener filter
e= liH[l) x"ATAx—2x"A"b+b'b+ex'x] (12) A" =BXT(XXT)! (16)
€E—

In practice, we almost always want to fit affine func-

And the optimal solution becomes . i . )
P tion, i.e.one with an offset; this can be neatly taken care

x* = lim[(ATA + eI)"'ATb] (13) of by appending a column of onesXoand performing a
=0 regular linear fit.
All three cases taken care of in one neat little error func- Once again, we might have invertibility problems in
tion! XXT; this corresponds to having fewer equations than

Of course, for computational and numerical conditior#nknowns in our linear system (or duplicated equations),
ing reasons we don't actually want to invekf’ A + ¢I thus leaving some of the elements/otinconstrained. We
explicitly. Actually computing the solutiow* efficiently can get around this in the same way as with linear least
and in a stable way is the topic of much study in numersguares by adding a small amount of penalty on the norm
cal analysis. However, suffice it to say that there are maff/the elements ir.

ood algorithms which deliver to you what yawould
ﬁave ob?.ainedf you did the matrix ixversion ast/)ove, just €= Z [bn — A [* + €| A (17)
faster and better. In MATLAB, for example, you don't "
have to worry about any of this: you can just type=AA Which means we are asking for the matrix of minimum
\ bb and let someone else’s code take care of it. norm which still minimizes the sum squared error on the
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outputs. Under this cost, the optimal solution is: This leads to a very important geometric intution: the
. . . . eigenvectors form a special basis for the space on which
A" =BX' (XX +€) (18) the matrix operates. In this special space, the action of

_ . . . . the matrix is nothing more than axis-aligned stretching
which is known asidge regressionOftenitis a good idea I .
and squishing. The matri¥, whose columns are the

to use a small nonzero value efven if XXT7 is techni- . . . . .
) . o . elsgenvectors themselves, will rotate us into this space if
cally invertible, because this gives more stable solution

- . we left multipl it. Also, for symmetric matri
by penalizing large elements &f that aren’t doing much s eft _1ut_py by it S0, for symr etric _at cea,
o ET = E7, in other wordsE is a rotation omnitary ma-
to reduce the error. In neural networks, this is known ztas . :
: . : . fix. Thus, we can think of the action ahysquare sym-
weight decay You can also interpret it as having a Gaus-__. . . . o
. . . . metric matrix as being the following:
sian prior with mean zero and variantge on each ele- , _ _ . .
ment ofA. 1) First rotate into the eigenspace, using left multipli-
Once again, in MATLAB you don'’t have to worry about cgtlon bi a matrix whose columns are the (unit)
any of this, just typeAA = YY/ XX and presto! linear 5 (Ialgehnvec_ ors. q ic-alianed hi q
regression. Notice that this is a forward slash, while least ) In t_ i_elgens_pace, I_olgms_-al%ne j_tretc 'Tg an
squares used a backslash. [Can you figure out how to do squishing, using multiplication by a diagonal ma-

ridge regression using, without usingi Nv( ) ?] trix with the e_lgenvecto_rs_on the dlagon_al.
3) Rotate back into the original space, using the trans-

pose of the eigenvector matrix, which is also its in-
verse.

Let us revisit the eigenvector equation we saw before: Finally, this leads us to a very important matrix decom-
position. In the same way that any complex number can
be written as the product of a rotation angle and a mag-

This equation is saying something quite interesting: whtude, so can any square symmetric matrix. We call this
take a vectok, left multiply it by the matrixA, and what the eigenvector decompositioor diagonalizationof the

we get out is a vector which is proportionalso In other Matrix A, and we write it as:

words, all thatA does tox is stretch it or squish it in
length, butwithout rotating it at all It turns out that for

any square matrbd, there are only a very few specialyhereD is a diagonal matrix with the eigenvalues on its

directions which have this “no twisting” property: thos%liagonal and the columri are the corresponding eigen-
directions are called theigenvector®f A and they repre- o tors.

sent the solutions to the above equation. (Of course, any
multiple of a solution is also a solution, so by convention . .
we will use eigenvector solutions which are normalizeﬁ' Eigenvectors as minima of a convex cost
to have unit length.) The amount of stretching or squish- One final note which is important to communicate. The
ing involved is called theigenvalueand is equal to the €igenvector problem as we have defined it consists of find-
A corresponding to any eigenvector solutisn Notice ing solutions to an implicit matrix equation, with the un-
that if two eigenvectors hawistincteigenvalues, theno known eigenvector appearing both on the left and on the
non-degenerate linear combinatiofthem can also be an right. One of the most amazing results in all of matrix the-
eigenvector. [Think about why.] In other words, eigenve®y, theRayleigh-Ritz Theorestates that the eigenvectors
tors with distinct eigenvalues acethogonal in the sense Of @ matrix arealsothe solutions to a convex optimization
that they have zero dot product with each other. If yaeroblem. In particular, the scalar objective:
think again, you will realize the for two (or more) eigen- T
7 : . . x"Ax

vectors with identical (repeated) eigenvalues, the orien- =
tation of the individual eigenvectors is arbitrary: all tha x X
matters is the subspace spanned by the set sharingishmaximized (minimized) by the eigenvector Afhav-
same eigenvalue. As a convention, we will arrange tlimg the largest (smallest) eigenvalue. Do not take this re-
eigenvectors in this set to also be orthogonal to each otlseit lightly. Once you know it, you understand two very
(and of course to all other eigenvectors). Thus, we havery important things. First, you understand thae way
the following result: (sometimes, but not always a smart way) to actually find

All eigenvectors of a square matrix satisfyidgg = Ax the eigenvectors of a matrix would be to minimize or max-
are, unit length and orthogonal to each other. imize the cost function above. Second, you understand

VI. EIGENVECTORPROBLEMS

Ax = )x

A =EDE" (20)

(21)
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that if you can ever massage some optimization problespace; i.e.you can “get to everywhere”.rlf=n = m

you want to solve into the form above that you will havéhen the entire input space is mapped one-to-one onto the

done two things: (a) show that it is convex and (b) reduemtire output space andl is called aninvertible matrix

it to an optimization problem which is very well studiedrigure 1 (inspired by Strang) shows this graphically.

and for which lots of sophisticated techniques and codesBasically, if you ask the matrixA, there are three

exist. classes of citizens in the input vector spate. There

is the “unfortunate” class (of dimension— r) who live

purely in a place called theull spaceof A. All vectors

from this class automatically get mapped onto the zero-

vector inkR™. In otherwords, anyone who lives in the null

space part of the input space gets “killed” ys map-

APPENDIX: FUNDAMENTAL SPACES ping. There is also the “lucky” class (of dimensienwho

First of all remember that i ism by n in our equation live purely in a place calledow spaceof A. Any vector

Ax = b thenx is ann-dimensional vector, i.e.the vectordrom this class gets mapped invertibly (one-to-one) into

we are loking for live in am-dimensional space; similarly the column spacen R"™. Finally, there is the “average”

b is anm-dimensional vector. Left multiplying by theclass who live in all the rest of the input space. Before

matrix A takes us from the& space £") into theb space telling you what happens to the average vectors, let me

(R™). Just by looking at its dimensions, you can tell thgtoint out some surprising but true facts about the first two

left multiplying by A” would take us from thé> space classes:

to thex space. Careful though, it is only very special « The place where the “unfortunate” class lives, (i.e.the

VIl. SINGULAR VALUE DECOMPOSITION
under construction

matrice$ that have the properth” = A~' so that in
generalAT Ax # x. In other words, if we send a vector
from R™ to R™ usingA and then bring it back tR"™ using

AT we can't be sure that we have the original vector again.
So now we know what matrix multiplication does in

terms of thesizeof its inputs and outputs. But we still

need an understanding of what is actually going on. The

answer is closely related to the idea of flie@damental
spacesof a matrix A. Here is an informal summary of
what happens, using the concept of thek r of a matrix

and these spaces. These terms are explained further below.

The action of ann by n matrix A of rankr is to take

null space ofA) is actually asubspace This means
that all linear combinations of vectors in the null
space are still in the null space. No amount of cross-
breeding amongst this class can ever produce anyone
outside of it. Similarly, the place where the “lucky”
class lives (the row space df) is also a subspace
and all linear combinations of vectors from the row
space are confined to be still in the row space.

The classes “unfortunate” and “lucky” amthog-
onal, meaning that any vector in one class’ sub-
space hasio projectiononto the other class’ sub-
space. Members of the two classes have no attributes

an input vectorx (n-dimensional) to an output vectdr in common.

(m-dimensional) through an-dimensional “bottleneck™.  « The classes “unfortunate” and “luckgpanthe en-
You can think of this as happening in two steps. First, tire input space, meaning that all other vectors in the
A “crushes” part ofx to bring it into anr-dimensional input space (i.e.all the members of the class “aver-
subspace of the input spa®€. Then it invertibly (one-to- age”) can be written as linear combinations of vec-
one) maps the crushedinto anr-dimensional subspace tors from the null space and the row space.

of the output spac&™. The part ofx that is “crushed”  gg what happens to a “average” vector undar map-

is its projection into a space called thell spaceof A ping? Wwell, first it getsprojectedinto the row space and
which is an(n — r)-dimensional subspace of the iNpUihen mapped into the column space. This means that all
space that you “cannot come from”. The partothat is  of jts null space components disappear and all of its row
“kept” is its projection into a space called trew spaceof  space components remain. In other worig;leans it up

A which is anr-dimensional subspace of the input spacgy first removing any of its “unfortunate” attributes until
The output subspace where all th&s end up is called jt |ooks just like one of the “lucky” vectors. Theh maps

the column spacef A, alsor-dimensional. You “cannot s cleaned up version of “average” into the column space
get to” anywhere outside the column space.r It= n j, pm.

then no part ofx is crushed and the row space fills the the number ofinearly independentows (or columns)
entire input space; i.e.you can “come from everywheregs 5 s called therank (denotedr above) and it is the

If v = m then the column space fills the entire outPUimension of the column space and also of the row space.

“4Calledorthogonalor in the complex casenitary matrices. The rank is of course no bigger than the smaller dimension
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Four Fundamental Subspaces of an m by n Matrix

Mixed

LNS+CS

Column
Space (CS)
dimr

Mixed NS+RS

All of RN @ indicates the zero vector

———= indicates left multiplication by the (m by n) matrix
< indicates left multiplication by the transpose of the matrix
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of A. Itis the dimension of the bottleneck through whiclumn space vector. You can think of little strings connect-

vectors processed by must pass. ing each row space vector to its column space “friend”.
Thecolumn spacégor range of A is the space spannedCareful though,AT may have a different (although still

by its column vectors, or in other words, all the vectorgne-to-one) idea about who is friends with whom so it

that could ever be created as linear combinations of gy not necessarily “follow the strings back from the col-

columns. It is a subspace of the entlsespaceR™. So umn space to the row space”, i.e.it may not be the inverse

when we form a product likx, no matter what we pick of A. If the strings all line up thed” = A~! and we call

for x we can only end up in a limited subspace®f A orthogonalor unitaryin the complex case.

called the column space. Thaw spacds a similar thing,

except that it is the space spanned by the rowA.oftis  |nvertibility

of the same dimension as the column space but not neces; . <o above thadiny matrix maps its row space in-

sarllyc;[hetzame space as tr?e columnksfpace.lwrlen we fog?tibly into its column space. Some special matrices map
a productAx, no matter what we pick fax only the part . onire input space invertibly into their entire outpu

of x that lives in row space determines what the answ, ﬁace These are known iasertible or full rank or non-
is, the part ofx that lives outside the rowspace (the nul '
space component) is irrelevant because it gets projecg h matrices have no null space since if they did then

out by the matrix. some non-zero input vectors would get mapped onto the

Itis clear that the zero vector is in every column Spacgyq vector and it would be impossible to recover them
since we can combine any columns to get it by simplynaking the mapping non-invertible). In other words, for
setting the coefficient of every column to zero, namely,ch matrices, the row space fills the whole input space.
x = z. The smallest possible column space is producedromajly, we say that a matriz is invertible if there
by the zero matrix: its column space consists of only thgists a matrixA ! such thath A= = I. The matrixA—"
zero vector. The largest possible column space is Pi@-cajled theinverseof A and is unique if it exists. The
duced by a square matrix with linearly independent o5t common case is square, full rank matrices, for which
columns; its column space is all 8" (wheren is the  he inverse can be found explicitly using many methods,
size OfA). for example Gauss-Jordanlt is one of the astounding

However, it may be possible to combine the columngcts of computational algebra that such methods run in
of a matrix using someonzerocoefficients and still have only O(n?) time which is the same as matrix multiplica-

them all cancel each other out to give zero; any such Sgn.
lutions for x are said to lie in theaull spaceof the ma-
trix A. That is, all solutions tdAx = z exceptx = z
. . REFERENCES
form the null space. The null space is the part of the in- _ o
put space that is orthogonal to the rowspace. Intuitivel;},l ] Strang Linear Algebra and Applications
any vectors that lie purely in the null space are “killed”
(projected out) byA since they map to the zero vector.
A completely complementary picture exists when we talk
about the spac®™ and the matrixA”. In particular,A™
has a row space (which is the column space\paand a
column space (which is the row space Af and also a
null space (which is curiously called theft null spaceof
A).
So we have two pairs of orthogonal subspaces, one pair
in R™ which between them spai™ and another pair in
R™ which between them spak™. Now here is an im-
portant thing to know:Any matrix A maps its row space
invertibly into its column space andl” does the reverse.
What doesnvertibly or one-to-onemean? Intuitively it
means that no information is lost in the mapping. In par-
ticular, it means that each vector in the row space has ex-
actly one corresponding vector in the column space and
that no two row space vectors get mapped to the same colwrite | and A side by side and do row ops on A to make it |

ingular matrices. It is clear upon some reflection that



